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Abstract

In this work we study a mathematical model proposed in reference [16] to describe processes of
pattern formation in morphogenesis. In fact, the model is dedicated to bone formation phenomena
in vertebrate embryos. The first equation of the considered system does not fall into any of the three
basic classes of partial differential equations. To be more precise, this equation is parabolic in time
and space and hyperbolic with respect to time and a pair of auxiliary independent variables describing
the state of the cells. This fact does not allow us to use, at least straightforwardly, the usual methods
of analysis assigned either to strictly parabolic or strictly hyperbolic problems and, according to our
knowledge based on literature search and private communications, there are no theorems guaranteeing
the existence of such equations even the homogeneous case. Similar difficulties occur when we attempt
to carry out the numerical simulations of the model.

Our study of the problems connected with the analysed system is divided into two parts. In first
part, see Part II, we consider a scalar equation retaining the basic difficulties of the system. We
do not take into account the non-local terms (which are the source of aggregation phenomena), but
concentrate on the existence of solutions to linear equations, homogeneous as well as inhomogenous
ones. We manage to construct the solutions by means of appropriately defined solution kernels, both
in the spatially unbounded as well as bounded case. We prove that the constructed solutions are
unique in appropriate spaces of functions. We can also show the validity of the expressions defining
solutions to homogeneous equations, when the initial data are given in the product form and the
problem can be solved starightforwardly. In second part, see Part I1I, we deal with the whole system
of three equations describing the analysed system, however we use another approach to prove the
existence of its solutions. The approach consists in assigning to this system a modified version of the
Rothe numerical scheme with time interval discretized into intervals of the lenght At. By deriving a
series of a priori estimates, we are able to prove that the proposed numerical scheme produces, in the
limit At — 0, a solution to the system, in which, similarly to Part II we replace the non-local term
by local functions.
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Part 1
Introduction

1 Background and motivation

Morphogenesis is one of the most interesting phenomenon in biology. It is extremely intriguing to
explain, how from an initially homogeneous set of identical cells, spatial patterns composed of differ-
entiated cells, leading to the formation of tissues organs and finally whole organisms can be created.

One of the important example of morphogenetic processes is the vertebrate limb formation. The
formation of the skeletal pattern in vertebrate limbs received particular attention by the researchers.
To be more precise, the mechanism of cellular and molecular interactions during the growth of the
avian forelimb, for example, spatio-temporal differentiation of cartilage, such that the number of bone
primordial changes in time from one (humerus), to two (radius and ulna) and to three (digits) get
significant attention. Here we should keep in mind that the mechanism of chondrogenesis may differ
from species to species, but its main features are common to all the vertebrates. In the experimental
context the bone formation process is most often described for mice or chickens. At the initial stages
of embryo development, limb mesenchymal cells started to condense to so called precartilage. After
then the precartilage mesenchymal cells organize themselves into spot- or rod-like condensations of
nearly uniform size [8, 7, 22], which are then turn into definite cartilage, followed by bone. These
phenomena, together with appropriate geometry of the limb bud have been the subjects of many
biological as well as mathematical models (see e.g. the reviews [34] , [27], [28]). In Appendix B (after
the References), we attach a review by P. Chatterjee, T. Glimm & B. Kazmierczak [5], submitted to
the journal of Mathematical Biosciences, which, among others, relates the considered model to other
models of pattern formation, especially to the one presented in [2]. (However, let us emphasize that [5]
is not a part of this dissertation and has been appended only for completeness.) The nature of the bone
pattern formation, especially in its initial stages is still being not fully recognized and there are different
candidates for proteins responsible for the onset of this process. In an experimental paper [3], Bhat
et al. suggested that two members of a class of glycan-binding proteins CG(chicken galectin)-1A and
CG-8 play a crucial role in cell condensation in the developing chicken limb. During the experiment,
it was observed by Bhat et al. that, in vitro, CG-1A promotes supernumerary condensation formation
and in vivo, it induces digit formation, while CG-8 inhibits both of these processes. Also, CG-1A
induces the expression of the receptor, which binds both of CG-1A and CG-8 (the shared receptor).

n [16], Glimm et al., proposed a mathematical model describing the interactions of CG-1A and
CG-8, based on the above mentioned experiment. It was verified in [16], that the proposed model
reproduces well the experimental findings.

Mathematical formulation of the considered model
The model describes the spatio-temporal evolution of the following quantities:

1. ¢4 = ¢¥(t,x) - concentration of freely diffusible CG-1A (that is, CG-1A not bound to receptors
on cell membranes),

2. ¢§ = c}(t,x) - concentration of freely diffusible CG-8 (that is, CG-8 not bound to receptors on
cell membranes)

3. R=R(t,x,c1,c8,ci, l1,03) - cell density.

Let us note that the cell density R depends on several variables representing various chemical
concentrations besides to time and space, that is to say: ¢; - concentration of CG-1A proteins bound
to shared receptors on cell membranes, c§ - concentration of CG-8 proteins bound to CG-8 receptors on
cell membranes, ¢} - concentration of CG-8 proteins bound to shared receptors on cell membranes, ¢
- concentration of shared receptors (not bound to galectins) on cell membranes and g - concentration
of CG-8 receptors (not bound to galectins) on cell membranes.

In [16] the following system of equations is proposed for t € (0,7T),  from some bounded domain
QCR"™, ng > 1, (c1,c§, ¢k, 01,0s) € (0,00)7:
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9% _ b vrer +v/c§RdP - /aRdP —Tc (1.2)
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diffusion pos. feedback of CG-8  binding of CG-1A degradation
on prod. of CG-1A to its receptor
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subject to the following initial and boundary conditions:

R(0,%,c1,c5,c3, 1, ls) = Ro(x, c1,ch, cg, 01, ls)
OR

o~ 0 for x € 09, R|, _ = R|c§=0: R|Cé=0: R[, ,=R|, =0 (1.5)
Oct  Ocg
E—%—OforXG({?Q,

where n = n(x) denotes the unit outward vector to the boundary 92 and

0

In (1.2) and (1.3)

/ dP = / / / / / deydc§dcydlydlg.
0 0 0 0 0

Remark Let us emphasize that in Eqs. (1.1)-(1.6), the quantities c1, c§, ci, f1, fs are treated as
independent variables similarly to time ¢ and space x

O
The cell-cell adhesion term is assumed to have the form:

K= \I/(l/;dist(x, 69))@K c1 // co(R(t,x+r, él,ég,ééjhfg)) dP ﬁdr (1.7)
Dpo(x)

Here @k is a constant which represents the strength of the adhesion, whereas for some v > 0

sufficiently small, ¥(v;-) is a smooth, monotone cut-off function such that ¥(v;y) = 1 for y > 2v and
U(v;y) =0 for y < v. For example, we can take

y € (0,v]
. — \IJ*(:‘/ - V)
U(vyy) = (1.8)
Ty -n) ey )
1 y =2,
where



0, s<0.
The function o(R) describes the dependence of the adhesion forces on the cell density.

We concentrate here only on showing the structure of the proposed equations. The precise expressions
of the terms entering the above system can be found in [16].

Model modifications

As we noted above, the independent variables of system (1.1)-(1.2)-(1.3) are t,x, c1,c8, ¢}, 1 and
lg. In [16], using time scale separation, a simpler set of equations based on the assumption of fast
receptor binding and unbinding has been proposed.

Let T} denote the total concentration of CG-1A receptors (whether unbound or bound to CG-1A
or CG-8), i.e.
Tl :Cl+6é+£1. (19)

Similarly, the total concentration of CG-8 receptor can be defined as:
Ty = 5 + 1s. (1.10)

Under the assumption that the process of ’galectin binding’ is very fast, we obtain (after non-
dimensionalization procedure) the following system of equations presented in [16]:

OR 5
CV _JaVPR -V - (RK(R)) — —— (3(c¥, ¢ T)) R) — —— (5(c¥, T R) 1.11
o =InV*R =V - (RK(R)) — o (ilef, o, ) R) = 5 (3(c T) (L.11)
a u " o0 oo
1 =V2c%+u/ / cy RdTy dTg — (1.12)
ot o Jo
80% 2 u ~ > > = oY
— =V Cg + i C1 RdTl dTg — T8 Cg (1.13)
ot o Jo
with o up
8 8 Cgls c1l1
G=altxTy) = e a=altxh)= s .
N 2cu N T - - Ty
7(C¥acg7T1) - ey, ~ - 72 w . rfu 10 5(Cg,T8) e ]. - 5271‘ (115)
ﬁ+gl Cl—‘rfcg—i—l 1—|—C8
K(t,x,T1,R(t;-)) =
o poo i R B )
\P(é;dist(x,&@))&K c1(t,x, Th) / / / caltys TG (R(t, 5, T, ) 7 ds dT dTy
0o Jo JD,(x)

Here one can either use a linear 6(R) = R or logistic form for ¢ in the expression for the adhesion
flux

1 o0 (o)
(R) = ny max <1 - T/ / RdT, dTg, 0) , (1.17)
Ry Jo Jo

where 7, and Em are positive constants. According to (1.5), the following boundary conditions hold:

OR
o = 0 for x € 99, Ry =Rl _=0. (1.18)

System (1.11)-(1.13) was analysed numerically in [16]. It was shown that the system is possible to
generate periodic structures.

In system (1.11)-(1.13), the quantity R denotes the concentration of cells at time ¢ and at a given
point in 2 x ]RleTg. Hence the spatial concentration of cells at a given point x € 2 should be calculated



as an integral over the whole IRQTng, in fact over its non-negative quadrant Pig of this space. That is
to say:

Rm(t,x) = / R(t,X7 Tl,Tg)dTldTg. (119)
Pig



2 Specificity of the system and the objective of the disserta-
tion

As Ty and T are independent variables, then even for given functions ¢} and c§, Eq.(1.11) is not
parabolic. Due to the form in which 7} and Ty enter this equation, we can say that it is of mixed
parabolic-hyperbolic type. According to our best knowledge, as well as to the opinions of the leading
specialists in partial differential equations expressed in private communications, there is no general
theory of such equations. Thus we cannot ’a priori’ guarantee the existence and uniqueness of solutions
even locally in time. The situation is complicated by the presence of the non-local adhesion term. It
should be noticed that the simplified system given by Eqs (1.11)-(1.13) inherit qualitatively the same
difficulties as the full system (1.1)-(1.3).

The presence of the hyperbolic terms in Eq.(1.11) can be formally justified by means of the conti-
nuity equation

0
875 + V.- (pv)=0
applied to the flow in the space (T7,7Tg). Let us start from the continuity equation in the space T7.
oT;
Identifying density p with R and T; with the spatial variable z1, and v with a—tl, we can write the

continuity equation in the form:

or O(RZ:
a%* (aT?t)

0T
As the speed of the flow in the space T7, 8—; can be interpreted as the rate of production of Tj.

Likewise, in the space (T1,Ts) we can write the continuity equation in the form:

OR o1y 0Ty

JRE— v . R <77 7> = 0,
i VT ( ot ot )

o1y 0Ty
. . ot ot .
and Ty quantities. The validity of these arguments can be seen by noticing the correspondence of the

0 . 0 [~
terms T (F(cY, g, T1) R) and T (5(c§,Tg) R) in the Eq.(1.11) with the terms in the second line
1 8

of Eq.(1.1). In Eq.(1.11), these rates are denoted as 7y and § and depend additionally on the quantities
c} and c§. In a sense, the presence of the hyperbolic like terms is similar as in equations describing
population dynamics models.

where the components of the vector ( ) can be interpreted as the rates of production of T;

The objective of this dissertation is to prove at least local in time existence theorems for system
(1.11)-(1.13). To be more precise, in our study we will concentrate on further simplified forms of
system (1.11)-(1.13). The main simplification consists in the fact that the integral term will be either
ignored (as in Part II) or replaced by a local terms depending on R and its gradient VR. This
approach can be justified by the fact that the existence problem of Eq.(1.11) without the hyperbolic
like terms were considered in the papers [9], [10]. Moreover, having the local existence theorems for
the equation without the non-local integral terms V - (RK(R)), we can study the existence of system
(1.11)-(1.13) in its full generality.

The analysis of system (1.11)-(1.13) is divided into two parts, which are distinguished according to
the approaches used. In Part II we confine ourselves to a scalar equation, representing the considered
system with the non-local integral term replaced by a given function of (¢, z, Ty, Tg). Beside to this, to
obtain an initial insight, in sections 3-9, we introduce additional simplification consisting in modelling
the investigated biological object representing the limb bud by the whole space. (Of note, this kind
of approach has been used in the papers [9], [10].) For technical reasons, we also restrict ourselves
to the functions 7 and 5 depending mainly only on T} and Ty respectively and independent of ¢. (In
sections 4 and 13, we allow the function I and B to depend also on t.) The advantage of introducing
these simplifying conditions are mainly manifested in the fact that we are able to obtain solutions in



explicit form, which can be relatively easy to analyse. In section 11, using section 10, we formulate
the existence results in bounded regions. In section 4, we discuss the uniqueness of solutions Eq.(3.1)
and its inhomogeneous counterpart. In section 13, we establish natural generalizations of the obtained
results to the case of any number of T-variables.

The strong simplifying conditions imposed on equations of system (1.11)-(1.13) are essentially
relaxed in the Rothe method approach applied in Part III. In fact, in Part III we analyse system
(16.2)-(16.4), which differs from (1.11)-(1.13) only by replacement of the non-local (integral) term by
a given function of R and the components of VR. For such a system of differential equations, it is
possible to prove the existence of solutions to system (16.2)-(16.4) by showing the convergence of the
solutions to the systems with discretized time as the time step At — 0. The precise description of the
methods applied in Part III is given in section 16.2 and we will not repeat it here.



Part 11

Linearized scalar equation representing
system (1.11)—(1.13). The Green’s
function approach

3 The case of 4 and ¢ independent of z and ¢

As we mentioned above, due to the presence in Eq.(1.11) of the convective terms with respect to T} and
Ts, we cannot a priori guarantee the existence and uniqueness of solutions to system (1.11)-(1.13) even
for small times. To get some preliminary insight, we will consider in this section linear scalar equations,
which can be regarded as linearised forms of Eq.(1.11). We start from the simplest equation retaining
the parabolic-hyperbolic features of Eq.(1.11), i.e. for I' and B being linear functions of 77 and Ty
respectively, but then consider more general cases. In subsection 5 we consider weak asymptotics of
solutions to homogeneous equations of the form (3.1) with respect to a scaling parameter A describing
the magnitude of the functions I" and B (see subsection 5.1, in particular Lemma 5.5), as well as similar
weak asymptotics of solutions to non-homogeneous equations of the form (3.55) (see subsection 5.2).
Lemma 5.5 can be considered as a partial justification of the reduced system proposed formally in [16]
as a radical approximation of system (1.11)-(1.13). These results are rewritten in section 6, where
weak formulation of Eq.(3.1) has been considered.

It seems that the main result of Part II is the construction of the solution to Eq.(3.1) and its
inhomogeneous version (3.55). This solution corresponds to a convolution of the two semigroups. As
we mentioned above, to establish this fact, we examined a couple of cases, starting from the simplest
possible case and then increasing the generality of the functions I' and B, but we allowed ourselves
to retain these cases in the dissertation. The second important result concerns the possibility of
arriving at the solution to Eq.(3.55) from a parabolic equation obtained by adding small diffusional
terms with respect to 77 and Tg. To be more precise, in section 9 we state that adding diffusional
terms (R 1,1, + R ry1,) does not change the properties of the solutions, which tend in the space of
smooth functions to the solutions for € = 0.

If 4 and & do not depend on ¢t and c¥, i.e. when F(c¥, ¥, Ty) = T(T1), 6(c¥, Tz) = B(Ty)
and K(R) = 0, then the first equation of system (1.11)-(1.13) becomes separated. Let us suppose
additionally, for convenience, that © = IR*. In this case, Eq.(1.11) takes the form

OR 0 0
—- =drV’R — — ([(T1) R) — s

o T (B(T3) R) (t,x,(T1,Ts)) € (0,T] x R* x RZ,  (3.1)

together with the boundary conditions
R(t,X,Tl,Tg):O for {(t,x,Tl,Tg) ZT1 :OVT8:O}

Above and below we use the following denotations of the positive (non-negative) subsets of the
real axis and the plane:

Ry :={reR: r >0} Ry:={reR:r>0},

and

R? := {(r1,7s) € R*: 71 >0, r5 > 0}, ]Riz+ ={(r1,m3) € R*: ;> 0, rg > 0}. (3.2)

Before proceeding, let us formulate an obvious conservation law.



Lemma 3.1. Let the initial data Ro(x,T1,T3) satisfy the equality
/ / Ro(l‘,Tl,Tg)dTldTg dr = Mo.
R3 JIR2

Suppose that a solution R : [0,T] x R? x ]Ri to Eq.(3.1) satisfies the conditions R(t,x,T1,Tg) = 0 for
Ty =0 orTs = 0 and that VR = o(||x||72) as ||x| = oo and R = o((|T1|+|Ts|)™1) as |Ti|+|Ts| — oo.
Then for allt € [0,T]

/ R(t,.’lﬁ,Tl,Tg>dT1dTg dr = Mo.
R3 ]R%r

Proof Let us note that the proof follows by considering the improper integrals over the set IR® x IR? 5
(x,T1,Ts) of the both sides of Eq.(3.1) using Fubini’s and Gauss-Ostrogradskii theorems. In fact, the
integration of the left hand side gives

Q/ R(t,l‘,Tl,Tg)dTldTg dl‘,
315 R3 IR?F

whereas the values of the integrals of the right hand sides over the sets B3(0,r) x (32(0,7") N Rf_),
where B¥(0,7) denotes a k-dimensional open ball with centre at 0 and the radius r, tend to 0 as
T — Q. O

Similarly to Eq.(1.11), Eq.(3.1) is of mixed type. It is parabolic in the direction of spatial variables
x = (x1, 2, 23) and hyperbolic in the direction (77,7g). To begin with, let us analyse the possible
characteristic curves of Eq.(3.1). Our discussion will be based upon [32, chapter 2]. The principal
part of the operator

OR 0 0
P(t,z1, 29,23, T, Ts;: D) = —— + dgV?*R — — (I'(T1) R) — — (B(T%) R
(t,z1, 32,23, T1,T3; D) 5 TR 6T1((1)) aTS((S))
(acting on R) is equal to
o\’ o \° o\
dr V2 =d ( 7 7 2.
" " (3331) +<8x2> +<8x3) )
Let, at a given point (¢, 21, 2o, 23, T1, Ts) € [0,T] x IR* x IR?,
U(t7x17x27x37T17T8) = (O-tvgwlaO.xgyU$37O-T170'T3)(tax17x27x37T17T8)5 02 = 17

denote a unit vector orthogonal to a characteristic surface of Eq.(3.1), i.e. a vector tangent locally to
a characteristic curve. The characteristic equation for the operator P reads

dR (O-gl + Uiz + 0—33) = 0’

which implies that o5, = 0, k = 1,2,3. Thus along each of the characteristic curves the tangent vector
has the form (0¢,0,0,0,07,,07,)). This implies that x = const, hence by Eq.(3.1) we conclude that,
on each of the characteristic curves, the equation

OR D )

T = am T R) — 5 (BT R) (3.3)

is satisfied. It follows that the characteristic curve assigned to a point (x,T10,Tg0) € R? x R? is given
by the mapping:

[0,T] >t (t,x,T1(Tho,1t), Ts(Ts0, 1)), (3.4)
where the functions (717 (Tho,t), Ts(Ts0,t)) are solutions to the initial ode problem:

%(t) =I(T), %(t) = B(Ty), Ti(0) = Ty, Tx(0) = To. (3.5)

As the functions I'(+) and B(-) are independent of x, then the time courses of the functions 77 (¢) and
Ts(t) are also independent of x.



Tllo(o) Tllo (z1) T110(l”2)

T120(0) T120(331) T120(372)

T1 3 :
170 (0) T3 (z1) Ty (x2)

Figure 1: The schematic display of characteristic curves determined by system (3.5). To be able to
illustrate properly the features of the problem, we confine ourselves to the case z € IR! and consider
only Tj-variable instead of (77,7s). Each curve lies in the plane 2 = const. In the picture, there
are three groups of curves lying in the planes z = 0, * = z; and * = z5. In the case shown, the
characteristic curves depend only on the initial value for ¢ = 0 and do not depend on z, i.e. the
function I' depends only on 77 and not on x. In general, the characteristic curves depend also on the
point x as in Fig. 2.

Remark From what we said above, it follows that we can expect two different ways of information
transfer connected with the initial data. Thus, in the x-space, the initial distribution is spread by
diffusion, whereas in the space (71, Tg) it can be transduced along the projection of the characteristic
curves onto the (77, Tg)-space. Motivated by this reasoning, we will construct a solution to an initial
value problem corresponding to Eq.(3.1). This solution is composed of the heat kernel in IR? and the
curves defined in (3.4). It is given by equality (3.52) in Lemma 3.8 or equality (3.27) in the case of
linear I and B. i

Remark Although, from the biological point of view, 77 and Ty can attain only non-negative values,
so in principle I' and B are defined only on the non-negative half-lines, for technical reasons, we will
treat the functions I' and B as defined on the whole real line. This extension can be done, if these
functions are sufficiently smooth. For simplicity the extended functions, will be denoted in the same
way. O

Assumption 3.2. Assume that T'(T1) and B(Tg) are of C**1 class, k > 2, and that for all (T1o, Txo)
system (3.5) has a unique C**1 solution (Ty(-),Ts(+)) satisfying the initial conditions Ty(0) = Tio,
T5(0) = Tso, defined for all t > 0. Suppose that there exists a positive number pis, such that

I'(Th) >0 for|Th| < pis

B(Tg) >0  for T3] < p1s.

Remark Below, for simplicity, the symbol x will be reduced to x. O



X1 T2

T1,(0) Ty (1) Tl (x2)

T3(0) 72 (1) T3 (2)

T T3 (0 3
10( ) Tlo(l‘l) Tlgo(x2)

Figure 2: The schematic display of characteristic curves determined by system (3.5). Each curve lies
in the plane x = const. In the picture, there are three groups of curves lying in the planes x = 0,
x = x1 and x = x3. In contrast to Fig. 1, the characteristic curves depend also on z. In this case, the
function I' depends not only on 7T; but also on z.

Assumption 3.3. Assume that for all ¥ € Q, Ro(x,T1,T3) # 0 only for (T1,Tg) from some open
precompact set in ]Ri.

The idea applied in this approach is to construct the solution to the boundary initial value problem
corresponding to Eq.(3.1) by means of the Green’s function of the parabolic part of this equation and
the reversed in time solutions to system (3.5).

We have:

% =I(T1), T1(0) = Tio. (3.6)

hence

/ (D(s))"Yds = t. (3.7)

T1o
Y

Thus for Int(y) := / (I'(s))"'ds, we obtain
)

Int(Tl) — Int(Tm) =t.
According to Assumption 3.2, given Tjg we can uniquely determine the value of T} (Tyo,t), for any
t > 0. On the other hand, fixing 77 and ¢ > 0, we can ask about the initial condition T}y such that

the value of solution to the initial problem (3.6) at time ¢ is equal to Ty. This initial condition will be
denoted below by T1o(17,1).

It follows by differentiation of (3.7) with respect to t, treating T; as given, that Tio(71,t) is a
solution to the initial value problem:

0T
ot

C(T(Ty)) ™ = =1, Tyw(T1,0) =T,

10



S0
0T

ot
whereas, for fixed ¢ > 0, by differentiation of (3.7) with respect to T} we obtain:

= —I'(Tw), Tio(T1,0) =T1. (3-8)

8T10 F(Tl)il F(Tlo)

= = 3;9
8T1 F(Tlo)_l F(Tl) ’ ( )
which should be written in a detailed form as
0T D(Ty) ! ['(T10(T1,t))
t) = = . 3.10
8T1 ( ) F(Tlo(Tl,t))_l F(Tl) ( )
In the similar way, we can prove that
oT;
atso = —B(Tso), Tso(13,0) = Tx. (3.11)
and
oT; B(Ty)™ ! B(Tgo (T3, t
0Ty B(Tgo(Ts,t)) B(Ts)

Remark For completeness we derived relation (3.9) explicitly, but it is a special case of [18, Corollary
3.1, Chapter V], according to which

865110 oo (/Ot %;fms))ds) - (/TlTo1 %1?078)) [F(Tl (Tho, s)} 71dT1)

hence at T1 = T1(Tho, 1)

L)y (- [ B0 ) ([ IO ] ),

On the other hand, using [18, Corollary 3.1, Chapter V] to Eq.(3.8), we obtain obvious equivalent
expressions:

8;;10 () =exp (- /Ot %ﬁl’"))w) —exp (- /TTO aF(T(})OT(zW)) [ D(@0(T1. )] dT)

and at T10 = Tlo(Tl,t)

38;10 (t) = exp (/Ot aF(Tg)T(ITO“’))dU) — exp (/TT %ﬁ”»[f F(TlO(Tl,a))}_ldTm).

These identities hold also for the function I' depending on 7; and ¢. To obtain (3.9) (in the case
of ' independent explicitly on t), we use the change of variables ds = dT (I'(T(T1o,5)))" !, by which

t T:
[ BT " 2ot
0 aTl Tio aT

Similar remarks concerns the relation (3.12).

Having the family of curves determined by system (3.6), we can define a candidate for a solution to
Eq.(3.1) in the case B = 0:
R(ta z, T]) = / 5 G]“(t, xz; 07 6)R0(57 TIO(Tlv t))dé- (313)
R

11



where Ry(+,-,) is the initial concentration of the cells,

Gr = exp ( - /Ot % (Tl(Tlo,T)) dT) - Golt, 230, €), (3.14)

or, equivalently:

Gr = exp (/Ot or (T10(T1,7')> dT) - Go(t, 7;0,6),

9Ty
and
1 g
Golt. w7 €) — Adg(t —7) 3.15
o(t, z;7,8) (rdn(i — )2 © (3.15)
is the Green’s function for the heat equation in IR>.
OR
— =dpV°R 3.16
5 rV (3.16)
In particular, for t > 7 > 0, it satisfies the equation
oG

Below, we will often use use the following properties of the fundamental solution for the heat equations
in R"™.

Lemma 3.4. Letn>1, 7> 0 and

|z — ¢

Go16579) = Gy ¢ - (315)

Then the following statements hold:

1. Foranyt> 1, v € R":

[ citeanee -1
2. If g(-) € C°(R™) N L>°(IR™), then, for all x € R™:

lim Gy (t, x5 7,€)g(§)dE = g(x).

t—T7 R»

3. If g(-) € CO(R™) N L>°(IR™), then, for allt > T, the integral

Gy (t,z;7,€)g(£)dg
R

is a C12 solution to the homogeneous heat equation

OH )
0 H
5 dgV

with the initial condition H(T,x) = g(x).
4. If f € C’gf’a([O,T] x R™) N LP(IR"), uniformly with respect to t € [0,T], then the function

H(t,z) = /Tt ( - G (t,x;0,8) f (o, §)d£)da.

is a C12 solution to the inhomogeneous heat equation

oH )
oy =dnV?H + f

12



with the initial condition H(7,z) = 0.

Proof Points 2 and 3 are stated in Theorem 1 of Section 2.3.1 in [13], whereas point 1 in the preceding
lemma. Point 4 is stated in Theorem 2 of Section 2.3.1 in [13]. O

In the simplest possible case, let us assume that

F(Tl) = ST1 —+ S0- (319)
Then
s s 50\ _g s
T1(Tho,t) = (Tio + f)est - ?0 Tio(Ty,t) = (T + ?O)e t_ ?0 (3.20)
and it is seen that the ratio
F(TIO(Tlﬂt)) _ e—st (321)

INCE)
thus does not depend on Tj.

According to the assumed linearity of the function I'(-), the equation

dly

— =I(T;
dt (1>7

S
has a stable positive singular point (——O), if and only if s < 0 and sg > 0, whereas it has an unstable

positive singular point if and only if s > 0 and sg < 0. O

As I' does not depend on z (and t), then

exp ( - /Ot %(E(Twﬁ)) dT) = exp(—st)

SO
GF = eXp(_St) : GO(t’ € 075)7
Thus, in this case, (3.13) takes the form:

R(t,l‘,Tl) = /]Rs exp(fst) . Go(t, Z; O,f)RQ(ﬁ,Tlo(Tl,t))dg . (322)

To show that this function satisfies Eq.(3.1), let us note that

or
R- aiﬂ(Tl) =R-s
and by (3.9)
OR oT;
() = Gr(t, ;0,6)Ro 1,0 (€, Tro(T1, 1))dE | - =2 (T, t) - T(Ty) =
8T1 IR3 (9T1

. L(Tyo(T3,1)) _
(/]RS GF(taxaoag)RO,Tw (faTl()(Tlat))d§> . W ! F(Tl) -

0
0T

In view of the last equality, calculating the time derivative of the function R defined by (3.22), we

([, Gr(t.as0.90R0le. To(Ti. 0)d€) - P(Tia(T3, 1)

obtain

13



OR Ty 0
= — dpV2R —
T T T

Ty o
9T1o 0T, Jime
oT(T1) OR

2 _ i S i
ARV?R = Rt — T(Th) g

We have thus shown that the function given by (3.22) satisfies Eq.(3.1).

Gr(t,z;0,§)Ro(&, Tho(T1,t))dE =

drV?R — sR — T(Tio(T1, 1)) Gr(t,2;0,8)Ro(& Tio(T1,t))dE =

This construction can be generalized to the case of nonzero linear function B. Let us take:

B =rTg+ro. (3.23)
Then
Tg = (Tgo + T—O)e” — 7;0, Tgo = (Tg + @)6_7.t — @, (324)
r T r r
dT;
—= = —B(Tko), (3.25)
dt
and
a8
Ty

so does not depend on Tg. Also, the ratio

B(Tso(T3,1))

=e " 3.26
B(T5) (3.26)
thus does not depend on Tg. In this way, repeating the arguments concerning the function I', we

obtain
R(i’7 Z, Tl, Tg) = / . GFB(t, X, 0, g)Ro(f, TlO(Th t), Tgo(Tg, t))df . (327)

R
with

GFB = eXp(_(S + ’I")t) : GO(t? x; 0, g) (328)

The function Grp is a solution of the equation

O IRY?G + (s + 1) = 6(1)5( ). (3.29)

Let us note that in the considered linear case, Grp depends neither on T} nor on Ty. For R defined
by (3.27), we have, by means of (3.8) and (3.11)

O = V2R~ (1) + BT R — 1 - T(T3(0) — g1 BT(0),

where

As

OR 0

onr __9 [(T1o(T1,1))
o1y (1) = oo

ey )

( - GFB(tam;Ozg)RO(fleo(Tlvt)’TSO(T&t))df)

and

OR 0

oTs -B(Ty) = 0T

B(Tso(T3,1))
B(Ts)

( - GFB(t,l‘; 0,f)Ro(f,Tlo(Tl,t),Tgo(Tg,t))df) . B(Tg)
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we conclude that R defined by (3.27) satisfies Eq.(3.1).

Before proceeding to nonlinear I' and B, let us consider a non-homogeneous case. By considering
the function exp ((s + 7)t) u(t,x) and using point 4 of Lemma 3.4 with 7 = 0, we conclude that the
solution to the initial value problem

ou

Fn = dpV*u —su—ru+ f(t,x), u(0,z)=0, (3.30)
has the form
t
uto) = [ ([ Geatt.ain &) f(r&)d€) ar (3.31)
0 ‘“JR?
. ou ou
Note that u given by (3.31) does not depend on T7,Ts hence — =0, — = 0. It follows that
oT, Ty
OR OR O(R + u) O(R + u)
— (T — B(T; —I(T —= B(1y).
o L )+ 57 BTy = —Gr— () + == B(T)
In consequence, R + u, where R is given by (3.27) and u by (3.31) satisfies the equation
)4 0 0
— =dgV?Y - — (T(T)Y) - - (B(T3) Y t 3.32
S = VY = 5L (U Y) - 5 (BT Y) + f(t.0) (3.32)
with the initial condition Y (0,z,T1,Ts) = Ro(0,z,T1,T3).
Remark Note that fixing 779 we have
or [(T1o(Th,1))
T (T} = ——— .
P ( / T, ( 1(Tho, ™ )> dT) T(Ty) (3:33)

This identity can be proved by the change of integration variables 7 — T3 (T1¢, 7) with dT7 = I'(T1)dr,
namely

L[ aaTF (73T m) dT:LT o gTFl (1) r(T) " ar =

T1(Two,t) 1(Tho, 1
LO 86le09( ( 1)) T :log(£E§1§§1§7 é))))) - log(F(TiEéf,t)))

which gives (3.33). Likewise, for fixed T7, by changing of integration variables 7 — T19(71, 7) we have

t or ITIO(Tl’t) 0 dT10 -1
I aTm(Tm(Th T))dT = — ' er(Tw)(?> dTh =

T1o(Th,t) 9 T1o(T1,t) b
- (T(T10)) ! [(Tho) dTo = — log(T'(Tho)) dTyo =
1 T 1 ATy

(3.34)

hence

o (= [ - (Tuo(ri, ) ar) = ), (3.35)

By using the second equality in (3.20), we check that for T'(T}) = sT} + so,

[(Tyo(T1,t))

T(T) = exp(—st) (3.36)

in agreement with (3.21). Similarly,

exp( - / gf (Tg(Tgm )) dT) _ Mgo(%’t)) — exp ( / ;TZ) (Tgo(T& )) dT). (3.37)

15



Equalities (3.33),(3.35) and (3.37) will be confirmed by the form of the right hand side of (3.52) in
Lemma 3.8. O

Let us consider the general form of I' and B. To this end, let us first set:

S =TBR. (3.38)
Then Eq.(3.1) changes to
05 . _, 05 oS

It seen that the (¢,T3,Tg)-projections of characteristics of the hyperbolic part of Eq.(3.39) are still
determined by Eqs (3.5). Hence, as it can be easily checked, the solution to the initial value problem
for Eq. (3.39) is given by the formula

S(taxaTlaTS) = /IRS Go(tax;07§)SO(§7T10(T17t)’T80(T8’t))d§' (340)

Instead of proving it explicitly, we will prove in Lemma 3.8 that the function R corresponding to
the solution given by (3.52) via the transformation (3.38) satisfies Eq.(3.1). To do this, we need the
following auxiliary results.

Lemma 3.5. Let Assumption 3.2 be satisfied. Suppose that the function T'(-) : R — IR is (k+1)-times
continuously differentiable. Let ky > 0 and ko > 0. Then for all Ty > 0 and for allt > 0, the function

['(T1o(T1,1))

Ki(Th;t) == ()

(3.41)

is continuously differentiable k1 and ko times with respect to t and Ty respectively, iff k1 + s(ka) (ke +
1) < k41, where s(k2) =1, if ko > 1 and s(0) = 0.

Proof By (3.9) we have

T(Tio(Ty,t) 0Ty

= 42
I(Th) o (3.42)
and
d (0T 0 (dTyp 0 _ (0 9T
& (am) = am (&) = o ToTn) = ~(GR T @) (G7) - 643)
Thus in accordance with Remark after (3.9)
8T10 t 3F(T10(T17 T))
Lo (T = = — _— 44
o(Tut) = G 0) = exp(— [ S Tar) (3.44)
because for t = 0 and I'(T}) # 0, we have
8T10 . 1 _
T (0) =T'(T1o(T1,0))T(TY) o = 1. (3.45)

Next, if T1. is such that I'(73.) = 0, then in the representation (3.44), the limit 73 — 77, exists for
all ¢ > 0 and has the form

exp ( — Ot 81;(7:2:1)(17)

T1=T1«

which in the case of I'(T}) = sTj + sp is equal to exp(—st) in accordance with (3.21). (Let us note
that applying de ’'Hospital rule to find the limit as 77 — Ty of Lo(T},t) gives no answer, because we
obtain the relation Lo(T1.,t) = 1 - Lo(Th1«,t).) Thus, by means of Lo(71,t), the function (3.41) can
be well determined for all 77 in the considered region.
I'(Tho(Th,t
Now, we can show the differentiability of the ratio W
1

to (3.44),

for finite t > 0. We have, according

16



0 0 0 T(Tyw(Ty1,t) LoD (Tyo (T, s)
LT, ) = oty ar, < (Tit) = 8T1L oT1,1) = or,  I'(Ty) dTyo
¢ 8I‘ T10 Tl, )) 0F(T10(T1,s))
/0 OTr ds) exp(f/0 —aTlo ds) =

t 62F T10 Tl, )) ¢ ar(Tlﬂ(TlaS))
/ oz, Lo(T, )dS) eXP(—/O des)»

°‘“\

Likewise:
2
Ly(Th,t) := aT’C 1(T15t) =
i
8 o 8 t 62F(T10(T1, 8)) ¢ 8F(T10(T1, S)) -
87T1L1(T1,t) = TTJ(—/O TEOLO(Tl,S)dS) eXP(—/O des) =

YO (Tho (T, 5)) L Or(Tho(Ty, s))
(—/0 —81;1301 Lo(Tl,s)ds) exp(—/o —5}101 ds) +

Lo (Tyo (T, s T (Tyo(Th. s
(- [ LD 1 i) exp - [ PP

t a2 s
(*/o O (T1o(T1, 5))

6T120 Lo(Tl,S)dS)Ll(Tl,t).

) ):

(3.46)

(3.47)

It follows that Ly (71,0) = 0, Lo(T1,0) = 0 and Lq(T},t) together with Lo(T,t) = 0 is bounded as
long as T1o(T1,t) is bounded. In general, it is seen that if I" is (k+1) times continuously differentiable,

then
k

Lk(Tl,t) = W
1

K (Tyst)

can be expressed by the derivatives of T" up till the (k4 1)-order, and Ly (77,t) is bounded as long as

T10(T1,1) is bounded. Now, by (3.43) and (3.44), one can see that

%(Tut) = (8?10F(T1°(T1’ )))Lo(Tht),

9K, 0
M( 1;t) = §L1(T1,t) =

LO(Tl,t)[— Lo(T1, 1)

O’T(Tyo(Th,t))  OT(Tio(Th,t)) /t 0T (Tyo(T1, 5))
0

oT?, 9To oz, Lol S)ds}

and

0%K, 0 0
W(let) =% (Lo(Th )6T10F(T10(T1’t))) =

0T (Tyo(Ty, 1))
oTZ

By induction, we can show that the derivatives of the form

LO(Tht)[(ang(Tm(Tl, )))2+ T(Tyo(Th,1))].

O K4

A
atklan2( 1)

exist and are bounded, iff the function I'(+) is k1 + s(k2) (ks + 1)-times differentiable, where s(k2) = 1,

if ko > 1 and s(0) = 0.

In the same way we can prove:

17



Lemma 3.6. Let Assumption 3.2 be satisfied. Suppose that the function B(-) : R — R is (k + 1)-
times continuously differentiable. Let kv > 0 and ko > 0. Then for all Tg > 0 and for all t > 0, the
function

B(Tgo(T3,t))

K:g(Tg;t) = B(Tg)

(3.48)

is continuously differentiable ki and ko times with respect to t and Ty respectively, iff k1 + s(k2) (ko +
1) < k+1, where s(k2) =1, if k2 > 1 and s(0) = 0.

Finally, the following auxiliary lemma holds.

Lemma 3.7. For any function F(Ty, Tio(Ty,t—7)) = F(Tio(Ty, t—7))/T(Ty) we have for all T € [0,):

%ﬁ(Tl, Tio(Ti,t — 7)) = _8iT1 (F(Tl)ﬁ’(Tlo(Tl, t—71)) = _aiTlF(Tm(Tl, t—7)) (3.49)

and, likewise, for any function fI(Tg, Tso(Ts,t — 7)) = H(Ts0(T3,t — 7))/ B(Ts),
O H(Tgo(Ty, t — 7)) d d

o BT~ on (BT (T (Tt~ 7)) ) = a7 H(Tao(Ts,t = 7)) (3.50)

Proof Let us show the first of these equalities. We have

gF(Tlo(Tl,t—T)) . 1 g . 7 1 . 8T10(T1,t—7) .
ot I(Ty) T T(Ty) gl (Tw(Tt=7)) = (TY) [aTmF(Tw(Tl’t T))} ot -
1L ro ory 9Ty(Th,t—1)
T(Ty) [aTlF (Tt =) 57, ot -
1 (1)) 0 0
T gy Tt =) [aTlF(Tlo(Tl,t -] = o7 F(Too (Tt = 7))
(3.51)
Thus (3.49) is proved. Similarly we prove the validity of (3.50). O
Lemma 3.8. The function
R(t,x, Ty, Ty) :/ Go(t,z;0,§)K(T1, Ts; t) Ro (€, Tro (11, 1), Tso(Ts, t))dE (3.52)
[R3
where I(Tio (T4, £)) B(Tso(Ts, 1))
K(Ty, Ts; t) i= ——20 L LA AP 3.53
S 1Y BT Y (3:33)
s a solution to equation
OR 9 3] 0
e drV’R — a1 (I(T1) R) — o (B(Ts) R) (3.54)

with the initial condition
R(0,z,T1,Ts) = Ro(x, T1, Ts).

If Ry € C;“)’:,%fTS, a € (0,1), whereas T' and B are of C* class of their arguments in ]Ri, then R given
by (5.52) is of C*(R?) class with respect to (T1,Tg) and CEVIQ/Q’HQ([O,T] x R?).

Proof The part of the time derivative of u(t, z,T1,Ts) taken with respect to ¢ inside G is equal to:

(8R

0
78t> =/ Go,i(t,2;0,§)K(Ty, Ts; ) Ro(&, Tho (T, t), Tao (T, t))dé = dg VP R(t, x, Ty, Ts).
RS

Now, let us consider the t-differentiation of the function
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S = K(Th,Tg; t)Ro (&, Tho(Th, ), Teo (T, t)) =

m [F(Tm(Th t))B(Tso(T3,t)) Ro(&, T1o(T1, 1), Tso (1, t))} :
We have:
0S  B(Tzo(Ts,t)) 1 @ [T(T1o(T1,1))
ot EO(T;; {5 [ ll“O(Tll) Ro(& Tao (T, 1), Y)} HY:TSO(TS,t))
D(Tio(Th,t)) 1 0 1B(Ts0(T3,1))
FO(Tll) {5 |: ;O(ng) Fo (57 Y, To (TS’ t))):| } ‘Y:Tm(Tl,t)

Thus, due to Lemma 3.7

oS _ W{ 0 { (Tio(Th, ))Ro(f,Tw(Tht)vY)H‘ -

9t B(Ty) Ty Y =Tio (Ts 1)
e (BT ) Rol6, Y. TG D]}, =
o [P D gio s, 0) ol Tio( 0. Y)] -
e [ B T (T 0) o6, Y. Tao T, )] = = 5 (IS) = 7 (BT)S)
It follows that
[ Gt = [ Go(tvx;oai){ - 5 (C(T)S) = 5 (B(T)S) Jde =
a% (1)) / Go(t,2;0,8)S )dg} B(Ts)/ms Go(t,x;O,ﬁ)S)dﬁ}

which proves that the function defined by (3.52) satisfies the homogeneous version of Eq.(3.1). The
smoothness properties follow from Lemma 3.5, Lemma 3.6 and the properties of the fundamental
solution Gy (see points 3,4 of Lemma 3.4). O

Now, we will find an expression for the solution to the inhomogeneous equation

OR _  y, D )

Lemma 3.9. The function

t
u(t,:r,,Tl,Tg)z/ ( : /C(Tl,Tg;t—T)GO(m;T,5)f(7,g,Tw(Tl,t—T),TSO(Tg,t—T))dg)dT (3.56)
0 3

where
F(TIO (Tl, t)) B(T8O (TSa t))
I(Ty) B(13)

’C(Tth;t) = (357)

is a solution to Eq.(3.55) with zero initial condition at t = 0. If f € C'%QTC: ;82 a € (0,1), whereas
I and B are of C? class of their arguments (in ]Ri), then u given by (3.56) is of C? (IRi) class with
respect to (T1,Tg) and Ctl’:a/Q’Ha([O,T] x IR?).

Proof The part of the time derivative of u(t,x,T1,Ts) taken with respect to ¢ inside Gy and in the
upper limit of the integral is, by means of s 2 and 3 Lemma 3.4, equal to:
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t
(%)0 - /o ( | IO Tt = 1)Goalt, 37, (7,6 Trol Ty, £ = 7), Tro(Tas t = r))de)dr +

1im7’—>t/ K(Th, Ts;t — 7)Go(t, 57, &) f (1,6, Tio(Th, t — 7), Teo(Ts, t — 7))d€
RB

- de2u(t,£C,T1, TB) + f(tvvahTS)
because Tlo(Tl,t — T)|7-=t = T1 and Tgo(TS,t - T |7-=t = Tg. Thus f(T,g,Tlo(Tl,t — T),Tgo(Tg,t —
T))|T:t = f(vaaTlaT8) and ’C(TlaTS;t - T)|T:t =1.

Now, let us consider the derivative

(’C(Tl,TS;t— T)f(T,f,Tlo(Tht— T),Tgo(Tg,t — T)))

,t

The differentiated expression can be written as (I'(T1)B(Tg)) "t (7, &, Tho(Th,t —7), Tso (T, t—17)).
We have:

3 (@B e Vit - 7). Yol — 7)) =

B(Ys) d/ 1

B(Tg) Yo=Tso(Ts,t—7) % (F(Tl) ! F(Tlo(Tla t— T))f(T7 ga TlO(Tla t— T)a Yé)) Yo=Tso(Ts,t—7)
(Y1) d/ 1

F(Tl) Y1=T10(T1,t—7) @ (B(TS) ' B(Tgo(Tg,t N T))f(T’ £, TSO(T&t o T))) Y1:T10(T17t—7').

Using Lemma 3.7 with
F(Two(T1,t — 7)) = T(Tao(Th,t — 7)) f(7,& Tho(Th,t — 7), Y3)
with Y fixed and

H(Tgo(Ts,t — T))) = B(Tgo(Ts,t — T))f(T,g,Yl,Tso(T&t — T))

with Y7 fixed, one notes, as in the proof of Lemma 3.8, that:

t
/ / GO(tvx;T7§)<K(T17T8;t7T)f(T7§7T10(T17t7T)7T80(T87t77—))) dEdT: -
0 JIR3 R’

¢ B(Tso(Ts,t — 7)) 0
/0 /le [ B(Ts) az%(l; (TE;(T;,t—))T))a
10(4L1,0 — T 5
N I PR T))}GO(t’x’T’ Sdedr

t
= —i (F(Tl) / Go(t,x;T,g)’C(Tl,Tg;t — T)f(T,f,Tlo(Tl,t — T), Tgo(TS, t— T))dde)
0 JIR3

t
57 (B [ [ Goltaim (T Tt = 7)€ Tio(Tsot = ). Tao(Ta t = )i dr) =

0 0
_TE(F(TI)U) - @(B(TS)U)

The smoothness properties follow from Lemma 3.4 (points 3 and 4) together with Lemma 3.5 and

Lemma 3.6. The lemma is proved. |

Remark An important note should be made concerning the construction of the solution. As can be
seen from the proof of Lemma 3.8 and Lemma 3.9, it is crucial that in the expression for the solution
there is a term (['(T})B(Tg))~!. Otherwise, the last expression in the sequence of equalities (3.51)

would have a form [-I'(T}) F(Tyo(T1,t —7))], so Eq.(3.1), so could not be written as a derivative

Ty
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with respect to T7. The same concerns the derivative with respect to Tg. In consequence, Eq.(3.55)
could not be fulfilled. O

The last remark touches the problem of uniqueness of solutions.

4 Uniqueness of solutions

In this section, we will present two theorems concerning the uniqueness of solutions to different gener-
alizations equations of Eq.(3.55) under the assumption that they exist. In these generalizations,
we will assume that the functions I' and B may additionally depend on ¢ and xz. Assuming the de-
pendence on t is justified by the fact that in section 8.4 we show that in the case of the product
initial data, the existence of solutions to the homogeneous equation (3.1) is implied by the existence
to the assigned hyperbolic equation. At the end of section 8.4, we also give an example of solution to
Eq.(3.1) in the case of the general initial data.

In the first uniqueness lemma we will consider the equation:

OR 0 9
T drV°R — a1, (I'(T1,t) R) — s (B(Tg,t) R) + f(t,x,T1,Tg). (4.1)

Similarly to the case of I' and B not depending explicitly on ¢, the characteristic curves assigned
to the hyperbolic part of Eq.(4.1) are given by the system of odes for t € [0, T1:

dTy

a1y Ty
dt

(t) = F(Tl’t)7 dt

(t) = B(Ts,t), T1(0) = Tig, T5(0) = Tgo. (4.2)
Let W be a space of functions {u : [0,T] x R?® x ]Rii — IR} satisfying the following conditions:
L. uy(t,, Ty, Tg) is bounded in the space L?(IR®) uniformly in (¢, T3, Ts) € [0, 7] x IR%.

2. [Jullyz2grs) + [ullcrresy < c21 uniformly in (¢, 71, Ts) € [0, 7] x R3

3. the derivatives with respect to x behave like o(|z|~2) as |z| — oo

4. ||u||C;,111T8 (m2) < Cx uniformly with respect to (t,z) € [0, 7] x IR,

The following uniqueness result holds.

Lemma 4.1. Suppose that the functions T and B are of C? class of their arguments and that for
t €[0,7] the cha@em’stic curves giwven by solutions to system (4.2) fill out the whole 1R2+ and that for
t €10,T) the set lRi is positively invariant with respect to system (4.2). Then, solutions to Eq.(4.1)
are unique in the space Wy (defined above).

Proof Suppose that the thesis of the lemma is not true. Let D denote the difference between any of
two solutions to Eq.(3.55). We thus have:

oD | _, ) )

and D(0,2,T1,Tg) = 0. Multiplying Eq.(4.3) by D, we obtain

(B(Ts,t) D) (4.3)

10 50 _1 2_ 0 2y, 1 9 2 O 2
5507 = drV (DVD) 3 r(VD)? = o (T(Ti, 1) D?) 4 51T, 1) e D? = e (B(Ts, 1) D?)
1 o
(4.4)
what can be written as
9 P2 gpy. <VD2) — dp(VD)?
at R R
(4.5)
29 oy 0) 2 = 11,12 D2 — 22 (BT, 1)) D? — B(Tx, 1) -2 D?
aTl 1 1 aTl aTs 85 85 aTg .
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Integrating, for each (¢, T1,Ts) with respect to « over the whole R3 (by integrating over the finite radius

balls and passing to the limit), using the Gauss-Ostrogradskii theorem and denoting @ = D?dz,
IR3
we obtain
g =22 (0(T,1) Q-T(T1,0)-2 @—2-2 (BT, 1)) Q- B(Ts,1)-% Q — G(D)(t,T1, Tx)
ot = 3T1 1 1 3T1 aTg 85 85 8T8 s 41,148),

(4.6)
where Q(0,T1,T5) = 0 and G(D) is a functional, which attains positive values for all D # 0. Suppose
that D # 0. Then G(D) can be considered as a given function of (t,Ty,Ts) € C° such that it is
strictly positive. Let us consider an auxiliary equation

O r(r.0) Q-r1.t2 @22

0
72 =2 a1 %

22 = 2o, (B(Ts.1)) Q — B(Ts.1)-2 @ (47)

0Ty —

Using the uniqueness result for hyperbolic equations, we conclude that this equation can be satisfied
0
only for @ = 0. Now, if @ # 0, then a—? > 0 for some t > 0, which leads to a contradiction.

To show this, let us note that, according to equalities (21) in [13, 3.2.2], the characteristic curves
for Egs (4.7) and (4.6) are the same, so can be parametrized in the same way. Let us consider an

arbitrary characteristic curve starting for ¢ = 0 at a point (719, Ts0) € IRii (parametrized with time):
t — (t,T1(Ti0,t), Ts(Ts(Ts0)). Thus, using the second equation of (21) [13, 3.2.2], we obtain for
te (0,7):

%Q(t,T1(t)7Ts(t)) = _287T1 (T(T1(8),) Q(E, T (1), Te (1) — 2= (B(Txs(1), 1)) Q(t, Tr(2), Ts(t))

and

d
QT 1(0) =

—23% (T(T1(2), 1) QUTL(1), Ts (), ) — 28% (B(Ts(1),1)) Q(t, T1(t), Ts(t)) — G(D)(t, Tr (1), Ts(t))-
1 8

Both of these equations are supplemented by the initial condition at ¢ = 0 equal to 0, i.e. Q(0,T10,T80) =
0 and Q(0,T10,Tg0) = 0. Let us define:

w(t) = 28% (T(T1(1))) + 20%; (B(Ts(t)))

t

Q, :=Q~exp(/0 w(s)ds), Q. := Q~exp(/0 w(s)ds).

In this way, the equations for @ and @ along the characteristics can be transformed to:

50,6 Tu(0), Ts(1) =0

and

d t

%Q*(t,Tl(t),Tg(t)) =—G(t,T1(t), Ts(t)) -exp(/ w(s)ds).

0
It follows that Q (t,731(t),7s(t)) = 0 hence Q(¢t,T1(t),Ts(t)) = 0 for all t € [0,7]. Finally, if
dQ.

G(t,Th(t),Ts(t)) £ 0, then c?t < 0 for t € (0,7]. Thus, as Q. > 0, we must have Q. = 0, so
G =0, in contradiction to our assumption. a

In Lemma 4.1 we assumed the integrability of solutions with respect to «, however, for each z € IR,
we could assume only their boundedness with respect to (T7,7Tg). In contrast, in the next lemma we
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will only assume integrability with respect to (771,7g). Moreover, in this approach, we are able to
consider the dependence of the functions I' and B on z. Besides, to obtain uniqueness, we do not
have to assume anything about the behaviour of the characteristic curves.

Thus, in the next lemma we will consider the equation

OR ., . 0 .

0

— 871_‘8 (B(Tg,t,l‘) R) +f(t,£l?,T1,T8). (48)

Let Ws be the space of functions {u : [0,7] x IR? x ﬁ — IR} satisfying the following conditions:

1. there exists a constant ¢* such that

[ ”u,t(t7 Loy ')HL%]R?Q + [Ju(t, z, -, .)HWTI“fTs(Ri) + [u(t, z, -, ')HC%,';)TS(IRi) <c
uniformly in (¢,z) € [0,T] x R®. Moreover, u = o(|(T1, Tz)|~2) as |(T1,Tx)| — oo
2. the first and second derivatives of u with respect to the components of z are bounded in the
space Lz(lRf_) uniformly in (t,z) € [0,T] x IR?, i.e. are square-integrable with respect to (T3, Tk) over
R .

Lemma 4.2. Suppose that the functions T and B are of C? class with respect to t, Ty and Ty and of
C*' class with respect to x. Then, solutions to Eq.(4.8) are unique in the space Ws.

Proof The proof will resemble the proof of Lemma 4.1, however this time we will carry out the
integration with respect to 77 and Ty instead of z. As in the previous case, the difference of solutions
D satisfies the equation:

190 o 1 9 1 9
55 0% = 5drV (VD ) ~ 5dr(VD)
(4.9)
T ' o Ve OTs ' 9 TV T
Let us note that
0 1.0 0 10 1 0 10 1 0
—— (D) +T—+D*=—-— (I D*)+ -+ (ID*)~-D* T =—-——(I'D?) -~ -D*__-T.
o1y ")+ 5 o oy (TP + 557 B0 = o D g T = =5 g (TD9) = 505
Thus, omitting for brevity the arguments of the functions I' and B, we obtain
0 0 0 0 0
—D?=d . D?)—d D? - — (I'D?) - D?*—-—T - — (B(T3) D?*) - D°—B
ot RV (v ) ®(VD) = 5n (D7) T, Oy (B(Ts) D?) Ty
(4.10)
Now, let
0 0
P = — —I(T1,t;x) — — B(Ts, t; .
(t,l’) ThI,ZI}Sag](Iﬁ{ 8T1 ( 1, 7‘:6) aTg ( 87t7'1:)}
It is seen that P(t,z) is a bounded function of (¢,z) € [0,T] x IR®. Then
9 p2 < dpv . (VDZ) (v — -2 (T(Ty) D?) — 9 (B(Ty) D2) + P(t,z)D2.  (4.11)
ot - oTy 0Ty 7

Next, integrating the both sides with respect to Ty and Tg, over the sets B2(0, p1g) U]Ri using
the assumptions of the lemma and a refinement of Gauss-Ostrogradskii theorem (see auxiliary Lemma

9.3), we obtain, by passing to the limit p1g — oo, and denoting @ = / D%dTydTs,
2

RY

%Q < drV?Q + PQ — G(D)(t,z), (4.12)
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where G(D)(t,x) = dR/ (VD)2dT,dTy can be treated as a given function, which is non-negative
R2

and equivalent to 0 only, iJfr D = 0. Due to the boundedness of the function @ at z-infinity and the
boundedness of the function P, we note that the conditions of [30, Theorem 10, Section 6] (Phragmen-
Lindelof principle) are satisfied. It follows that, as Q(0,z) = 0, then Q(¢t,2) < 0 for ¢ € [0,T]. As
Q@ > 0 by definition, it follows that Q = 0 and D = 0. The lemma is proved. a

For the convenience of the reader, we present the Phragmen-Lindelof principle in the form of [30,
Theorem 10, Section 6].

Lemma 4.3. (Phragmen-Lindelof principle) Let Q be an unbounded domain in n-dimensional
space and let E be the domain (0,T) x Q. Suppose that u satisfies (L + h)[u] > 0 in E with L a
uniformly parabolic operator of the form

i 0? = 0 0
L= () 7——— bi(t,x) 77— — =
Z aw( ’x)ﬁxiamj +Z l( 737)8.%1 ot
1,7=1 =1
with bounded coefficients and with h(t,x) bounded from above in E. Assume that u satisfies the growth
condition
lim inf e~ max u(t,z)| <0
r—>00 22ttt =r?
0<t<T

for some positive constant c¢. If u <0 fort =0 and u <0 on (0,T) x 9Q, then u <0 in E.

5 Asymptotics of the solution given by Lemmas 3.8 and 3.9

Let us consider the asymptotics of the functions given by Lemmas 3.8 and 3.9. The asymptotics will
be understood either with respect to t >> 1 or with respect to a parameter scaling the strength of
convective (hyperbolic) terms. This parameter will be denoted below by A.

In this section we will assume the uniqueness of solutions to the system (I'(T%), B(T3)) = (0,0) or
at least that there is a unique solution to this system in the support of R (with respect to (71, 7s)))
for all ¢ € [0,7] and all 2 € R® (see Assumption 5.3).

Let us consider the volume of the support of the function R(t,z,T1,Ts) with respect to (71, 73)
as a function of time. (Let us emphasize that we consider the case of I' and B independent of z.) In
view of the right hand side of (3.52), we have thus to consider the 2-d volume of the form:

/ x¢(Th, Tg; §)dThdTs,
]RZ

where x¢(T1,T3;€) = 1, iff (T1o(T1,t), Tso(T1,t)) € supp Ro(&, -, ). Fixing ¢t and changing the variables
in the above integral:

Ty — Tho(T,t) = Tho, Ts — Tso(Ts,t) = Tso,

we obtain
dTy (Ty)
dTy = dT1o—— = dT; ,
1 10 T IOF(Tm) o)
dTs B(T13) '
dTy = dTgg—— = dT;
8 80 dTs0 SOB(TSO)

and, due to Assumptions 3.2 and 3.3,
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/Xt(T17T8§§)dT1dT8:/ Xo0(T10, Tso; &) det(J (T4, Ts; t))dT10dT o
R? R?

=/2 Xo(Th0, Tso; €) det(J (T, Ts; t))dT10dTs0 (5.2)
R

— f]Ri XO(Tm,Tgo;5)11(11:1((17:113)7 ) B(?éﬁjj .

dT1od Ty

where J(Tl, Ts; t) is the Jacobian matrix of the mapping (Tlo, Tgo) — (Tl (Tlo, t), Tg (Tgo, t))7 i.e.

0Ty (Tho, t) 0 ['(Ty(Tho,t)) 0
8T10 F(Tlo)
J(Ty, Ta:t) = _ . 5.3
(1) 0 OTg(Txo,t) 0 B(T3(Tso,1)) >3
0Ty B(Txo)

If T' and B are linear and given by (3.19) and (3.23), then, similarly to (3.36), we can show straight-
forwardly that det(J(t)) = exp(st) exp(rt). It follows that in this case

/ Xe(Th, Tg; §)dT1dTg = exp((s + T)t)/ Xo0(Tho, Tso: §)dT10dTso
R? R?

2
hence for s,r < 0 the support of the function R with respect to 77 and Ty decreases in volume as
exp(—(|s| + |r|)t) and, in fact, tends to a stable singular point (—sg/s, —7¢/7).

To consider more general form of the functions I' and B, let us suppose the following.

Assumption 5.1. Suppose that for all € € R3, for all (Tho, Tso) from some open neighbourhood of
supp Ro(&, -, -) in (T1o, Tso) space, the solutions (T1(Tho,t), Ts(Ts0,t) to system (3.5) tend, ast — oo,
to a unique attracting stationary point (A1, Ag) such that T'(A;) =0, B(As) = 0.

Lemma 5.2. Suppose that Assumption 3.2 and 5.1 are fulfilled. Then, for each x € Q, the support
of R(t,z,T1,Ts) tends to a point (Aq, Ag) ast — co.

Proof The proof follows from the form of the right hand side of (5.2). Thus for fixed (A;, Ag) #
(Tho, Tso) € supp Ro(, Tro, Tso), (T10, Tso) # (A1, As),

(T (T10,t) B(Ts(Ts0,t)
I'(T1o) B(Tso)

as t — oo. O

det(J(T1 (T107 t), TS(TSCH t)§ t)) =

Remark In Lemma 5.2, instead of the limit ¢ — oo, similar behaviour is derived with respect to the
asymptotics Als|, A|r| — oo. O

5.1 Asymptotic weak limit of the terms %F(TQR and aiTB(Tg)R with R
1 8

given by Lemma 3.8

0
By means of (5.2), we can analyse also the asymptotic weak limit of the terms 8TF(Tl)R and
1
%B(Tg)R with R given by the right hand side (3.52).
8

Suppose that Ro(x,T1,Ts), for each z € 2, has a compact support S* inside the positive quadrant
of the space (T1,T5). Suppose also that

0< sup Ro(z,T1,Ts) < p* < p. (5.4)
(T1,Ts)€S™
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Let us multiply the right hand side of (3.52) by a smooth function ¢(71,73) of compact support
inside the non-negative quadrant ]R%r = {T} > 0,73 > 0}. Integrating by parts with respect to T} and
using (1.18), we obtain:

0 B
/IR? [“TZH(F(Tl)R> odI1dTy = /]R2 F(Tl)RTﬂ¢dTldT8'
* ¥

Using (3.52), we obtain the estimate

0
’/ D(Ty)R 7¢dT1dT8’ < <Z51/ Go(t,x;0,€) p° / D(Ty) KTy, Ts; t)| x5 (Th, Ts) dT1dTs | dE,
R? Ty R? R?
09 L - .
where ¢y 1= supr, 7, Eitk K(T1,Ts;t) is given by (3.53) and x7 (T, Tg) = 1, iff (Tho(T1, ), Tso (T3, 1)) €

ST
Assumption 5.3. Suppose that there exists a compact set Syy in the space (T1,T3) such that S* € Sy
for all z € R?, / dI1dTgy = V. Suppose that inside Sy there exists a unique singular point

S
A= (A1, As) of sysé\ém (3.5) which is attractive. Let

sup
(T1,Ts)ES M

Tl_Al‘ < d, sup ‘Ts—As)Sds-
(T1,T8)ES M

To proceed, we will consider times ¢t >> 1 or assume that away of the singular points the absolute
value of I and B are relatively large. Thus, let us rescale the functions I' and B by writing

D(Th) = AL(Th),  B(Ty) = AB(T), (5.5)
where A € (0,00) will be a parameter at our disposal.

Assumption 5.4. Suppose that ||f(-)|\cl(m) = by and ||3(-)||C1(R) = bg, where by and bg are inde-
pendent of A\. Assume that inside the set Sy; we have, for s <0, r <0,

f(Tl) < S(T1 — Al), fOT’ T — A > 0, f(Tl) > S(Tl — Al), fO’I“ T — A < 0,

B(Tg) S ’I“(Tg — Ag)7 fO’f' TS — Ag > O, B(Tg) Z T(Tg — Ag), f07“ Tg — Ag < 0.

Assumption 5.4 implies that solutions to system (3.5) satisfy the inequalities:
|T1 (1—‘107 t) — A1| S |T10 — Al‘ exp()\st), |T8(T80, t) - A8| S |T80 - A8| exp()\rt). (56)

The same assumption implies that

‘F(Tl(T107t)| S )\|S||T10 — A1| exp()\st), and B(Tg(Tgo,t) S )\|’I‘||Tgo — A8| exp()\rt). (57)
Note that, according to (5.3) and (3.53),

detJ(Ty, Tx; t) = (K(Ty, Tg; 1))~ . (5.8)
We thus have
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S.’L‘

to >ty

P (Tyo(T1,t1),Ts0(Ts,t1))

Py(T1o(Th t2),Tso(Ts,t2))

Figure 3: Backward trajectory starting from (7} Ig). For to sufficiently large the point (77, Tg) escapes
from the initial support.

I(Ty) K(T1, Ts; t) Xf(Tl,TES)dTldTS‘ =

+N

(T (Tho, t))detJ (T1 (Tho, t), Ts(Txo, t); t) K(T1(Tho,t), Ts(Txo, t); t))xS (Tho, Tso) dT10dTgo| =

4+

TS F TS F

+

(11 (Tho, t))Xg(Tlm Tgo) dTlOdTé%O‘ =

/ ) >\|S||T1() — A1| exp()\st) XS(TN, Tgo) dTlodTgo‘ S )\|S| exp()\st)leM7
R

T

(5.9)
hence taking into account the integrability of the fundamental solution Gy, we conclude that
0 _
] T(T)R -2 dTldTg‘ < i N|s| exp(Ast)dy Var — 0 (5.10)
]R2+ aTl
as As — —oo for any finite ¢t > 0. Likewise,
0 _
’ B(T9)R —quTldTg‘ < i A|r| exp(rt)dsVas — 0 (5.11)
R2 0Ty

as A\r — —oo for any finite ¢ > 0. In view of the fact that the function ¢ was arbitrary, it follows that
the terms

%(F(Tl)R) and a%g(B(Tg)R)

vanish weakly asymptotically as A tends to infinity. Similarly, for fixed A, s and r, the relations (5.10)
and (5.11) hold as t — oo. The last case is shown in Fig. 3.

Now, let us note that, according to (3.52) and (5.8), we obtain as in (5.9):

Rt Ty T)dTdTy = | Go(t,:0.6)[ [ Rolé. Tuo, Ta)dTuodTuo ¢ =
R? R2

2
R2 i

| Golt,:0.6) (o)) e
R3

Due to the properties of the function G, we infer that, for each ¢ > 0 and z € IR®, we have for
nonzero initial data

lim R(t,l‘,Tl,Tg)dTldTg = R(t,l‘) > 0.

Alr|,A|s|—o00 ]R%r
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As for each (t,z) € (0,T) x IR®, the volume of the support of R(t,z, Ty, Ts) with respect to (T7,Tx)
tends to 0 (and is concentrated around the point (A1, Ag)) the following lemma has been shown.

Lemma 5.5. Suppose that Assumptions 3.2, 3.3, 5.8 and 5.4 are satisfied. Then, for all (t,z) €
(0,T] x Q, as A|s| = oo and \|r| — oo,

R(t,l‘,Tl,Tg) — R(t,x) . 5(T1 — Al)(S(Tg — As)

0 0
5.2 Asymptotic weak limit of the terms aTF(TI)R and aTB(Tg)R with R
1 8
given by Lemma 3.9

Assumption 5.6. Suppose that for each (t,x) € [0,T] x IR® the support Stfz of the function f(t,x,-, )
is a compact set. Let Sy = U(z,t)e[o,T]le3 S’fw. Suppose that Sif C SM  where S}/f 18 compact and its
2-dimensional measure satisfies

|SH| < W

and that
sup |f(tax7T17T8)| < F (512)
t€[0,T], € R (T}, Ts)ER?.

for some constants Wiy and F.

Let us note that by changing the integration variable from 7 to n =t — 7, the right hand side of
(3.56) can be written as

t
U(t7l',T1,T8) = /0 < R IC(Tth;’I])Go(t,IE;t - ﬁ»f)f(t - n7§vTlO(Tlvn)ﬂTSO(T&n))dS)dn
I(B(Ts)u)
Ty '’

by a function ¢ (71, Ts) of compact support in IRi%r, integrating by parts using Assumption 5.6, we
obtain:

J,

Proceeding as in the case of the right hand side of (3.52), i.e. multiplying the expression

0
P(T3)u 6 dT1dTy

2
+

t
< F¢ /}R3 {/0 Go(t, x5t —n,¢) [/}RQ ID(Ty) K(Ty, Ts; )| ) (T, Ts) dTyd Ty

dn} dg,

nd

0
where ¢1 =: supp, 7, 871(?1’ a

1 if (Tyo(Th,t), Teo(T3, 1)) € ST
X/ (T1, Ts) =
0 if (Tho(T1,t), Tso (T3, t)) & ST

Now, we can proceed as in the proof of Lemma 3.8. First, according to (5.7) with ¢ replaced by n, we
have

/ |F(T1)’C(T17Ts;77)|X{(ThTs)dTlde:/ ID(T1 (T, 1)) x4 (Tho, Tso) dT10dTso <
R2

2
+ RY

/ Als||Tio — A1] exp(Asn) Xg(Tlsto) dTlodTgo’ < Aslexp(Asn)di Wy < A|s|exp(Asn)dy V.
IR2

+

It follows that for An = (v/A)~! << 1 we have, in view of the properties of the function Gy (see
Lemma 3.4, point 2),
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/4 / V(L Tsim)Go(t, w3t =1, €)£(t = 1,€, Tio(T1,m), Tao (T, ) ) dn] d€ JdT1dT =
L L (R TainGottait =107 = 1.6 TaoTan). Tl T ariara

/OA" [ / (Tho(Tr, ))Go(tal’;t*%f)f(t*Ua&Tlo(Tl,Tl)aTso(Ts,U))}dTlde;)df}d??:

O((exp(—=Als|t) — exp(=AnAls|)) +

[ L (] oottt .67 -6 Tt TaCTs ) Yamiar)aclan —

O(exp(=AnAls))) +W(n),

where

W(n) = | lim /IR 3 [ / > ( / {F(Tlo(Tl,n))Go(t,x;t—n,g) f(t—n,g,Tw(Tl,n),Tgo(TS,n))}dTldTg)dn]dg\

n—00 An/n

According to the mean value theorem, the integral inside | ] can be estimated as

An
lim Go(t, x5t — 14, &) f(t — 14, & Tro(T1, 14 ), To(Ts, 14)) / ((F(Tl(Tlo, 1))x8 (T10, Tso) dTlodeso)d?%

n— o0 An/n

where 7, € (An/n,An). Using (5.7) we infer that, independently of how small is Az, we have for
n — 00

An An
/ ((F(TI(Tw,n))xg(Tm,Tso)ddeTgo)dn e / As| exp(Ast)dy < ST - O,
An/n An/n
where

Cr, = sup [Tip — A4l
TioeSM

Using the fact that for any continuous function (&), f]R3 Go(t, z;t — 14, )Y (€)dE — (x) pointwise
as 1, — 0, we have

nhgo 5 GO(t,f;t - ﬂ*,f)f(t - ﬁ*,f,Tw(Tl,??*),Tso(Ts, ﬂ*))df ’ — f(tavalo(Tlao)vTSO(T& 0))
* R

= f(t7x7T17T8)~

In particular, due to (5.12),
limp, oo W(n) < F-Crp,.

Similar estimates can be obtained for the weak limit of the expression

0
0T

We can thus conclude the validity of the following lemma.

(B(T3)w).

Lemma 5.7. Suppose that Assumptions 3.2, 3.3, 5.3, 5.4 and 5.6 are satisfied. Then, asymptotically
as A — oo, the weak limit of the expression

0 0

[aTl (D(T)ult, z, Ty, Ty))] + [8T8(B(Ts) u(t,x, 11, Ts))]
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at time t > 0, with u determined by (3.56), does depend only on the value of the function f at time t
and does not depend on the values of this function at smaller times T € [0, ).

6 Weak formulation of Eq.(3.1)

As above, we consider the case Q = IR>. In the previous section, we proved that in some sense, the
solution R(t,z,T1,Ts) of (3.1) may converge to a generalized function R(¢,x)-0(T1 —A1)0(Ts — Ag). In
fact, we may consider the weak version of Eq. (3.1) by looking for solutions in the space of distributions
D'((0,00) x 2 x R%).

Lemma 6.1. Suppose R(t,z) is a classical solution of the equation Ry = drV?R. Suppose that the
functions T'(Ty) and B(Tg) have isolated zeros Ay and As. Then R(t,z,T1,Ts) = R(t,z) - 6(T1 —
A1)0(Ts — Ag) is a solution to (3.1) in the space C’tlj’ﬁ([O,T) x Q)N xD'(IRY).

Proof Let us write Eq.(3.1) in the form

OR 0 0

— —dgV*R=—— (I'(T) R) — =

o " o, "IV = 50

Multiplying the both sides of this equation by a test function ¢ (71, Ts) € D(R2), taking R(¢t,z, Ty, Ts) =
R(t,x) - 0(Ty — A1)d(Ts — Ag) and integrating over R2, we conclude that the left hand side becomes

equal to 0, whereas the right hand side, in view of (1.18) is equal to:

(B(Ts) R).

(g3 (D) R) = 5 (BT B) ) =
R(t,z) - (/}R+ T(T1) 8(Ty — A1)d(Ts — Asg) - by, (Th, Ts)dTydTs+ (6.1)
/}RQ B(Ts) 8(Ty — A1)d(Ts — As) - vr, (Tl,Tg)dTldTg> =0.
This proves the lemma. ) O

Lemma 6.2. Suppose that Assumptions (5.8) and (5.4) hold. Let R(t,x,T1,T3) be a nonegative
solution of (3.1) for initial data Ro(t,x,T1,Ts) as giwen in (5.4) and Assumption 5.5. Let

R(t,ﬂ?) = R(t,a?,Tl,Tg)dTldTg.
w2

Suppose also that for all t € [0,T] the ’total mass’ integral is finite, i.e.

R(t,x)dx = My < oo.
R3

Then
R(t, l‘,Tl,Tg) — R(t, J})(S(Tl — Al) (5(T8 — Ag) — 0

in the weak sense in D'(R™ x R%) as t — oo (for fized \) or A — oo (for fized t > 0).

Proof For a test function ¢ (z, T1,T3) € D(R™ x R%) of compact support, we have by means of (3.52),
(3.53) and (5.3):

Ds = (R(t,z,T1,Ts) — R(t,z)8(Ty — A1) §(Ts — Ag), )
= /RS /1%2 R(t,a}‘,Tth) ('(/)(Z‘,Tl,TS) — '(/)(vahAS)) dTl dTg dr =

(6.2)
// [ Go(t,2;0,&)Ro (&, Tho(T1, ), Teo(T3, t))dE| <
rs Jr2 LJR3

(1/1(95,T1,T8) —p(x, A, Ag))IC(Tth;t) ATy dTy da .
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Now, using Assumption 5.3 we have

Dol =| [ [ [ Goltaso. € Ro(e.Tuo, o]

(1#(33, T (Tho, t), Ts(Tgo,t)) — ¢(z, A, A8)>IC(T1: Tg;t) - det(J (T, Ty;t) dTho dIgo d | <
(6.3)

SUD (7,0, Tyo)eSur weR® | V(T T1(Th0, 1), T3(Tso, ) — P(z, A17A8)‘ X

/RB/S [/1R3 GO(t793§0’§)R0(5,T10,T80)d§] dTyo dTxo dz.

Note that by Assumption 5.4 we have

v (2, T1(Tho, 1), Ts(Ts0,t)) = (7, A1, Ag))|
S ||V'¢||oo(|T10 — Al‘ eXp(ASt) + |T80 — Ag‘ exp()\rt)).

In addition, one computes, by means of (3.52), (5.1) and (5.8),
L] Gott:0.€) Ro(e. T, Tao)de] o T s =
R3 J Sy LJRE
-1
/ / |:/ Go(t,ZL’;0,£)R0(€,T10(T1,t),Tgo(Ts,t))(det(J(Tl,Tg;t)> df:| dT1 dTg dr =
R3 Sy R3
/ / [ Go(t,2;0,§)Ro(&, Tho(T1,t), Tro(Ts, 1)) K(T1, Ts; t)df} dTy dTgdr =
R3 J 5y LR
R(t, x)dx = My < 0.

R3

Thus putting everything together, we obtain

[(R(t, 2, T1, Ts) = R(t,2)6(Th — A1) 6(Ts — Ag), )| < [|V)]loo My

(6.4)

Ast )\rt)'

(Sup(TloyTso)GSM |T10 - A1|€ —+ SUD (710, Th0) €S0 |T80 _ A8|€

This expression clearly converges to zero as t — oo (for fixed \) or A — oo (for fixed ¢). O

Remark In the above proof we did not take into account that ¥ has a compact support with respect to
x. If this fact is taken into account, the lemma could be proved without the assumption of compactness

of Ry with respect to &, because the integral / / [/ Go(t,z;0,£)Ro (&, Tho, Tgo)d£:| dTydTgdzx can
R3 S R3

be replaced by the integral / / [/ Go(t, z; 0,§)R0(§,T10,T80)d§j| dT1dTsdz, where Sy denotes
e Jsu “IR®

the support of ¢ with respect to . This integral is finite. O

7 Integral equality satisfied by the function given by (3.52)

In this section we establish a conservation equality satisfied by the function determined by the right
hand side of Eq.(3.52), similarly to Lemma 3.1. Next, we demonstrate that the integral of this function
with respect to T and T is equal to a product of a constant and the solution R : [0,7] X R — R
to the heat equation R; = dgpV?*R. We thus show that the function defined by (3.52) satisfies a
necessary condition of being a solution to Eq.(3.1). This property is shown in Lemma 7.2.

Lemma 7.1. Suppose that the functions I', B and Ry are of C? class of their arguments. Suppose
that the support of Ry is compact, both with respect to (Ty,Tg) € IRa_ and x € R®. Then the right
hand side of equality (3.52) satisfies the conservation law
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/ / [ [ Golt.2:0.€)Ro6. Tio (T3 1), Tuo (Th. 1)) K(T1, Ty )de | dTy dTs da = My
rs Jr2 LJ/ms

where My is a constant independent of t € [0,T].

Proof It suffices to show that the assumptions of Lemma 3.1 are fulfilled. The proof follows from
the properties of the fundamental solution Go(t,x;0,£). Let S; = UTLT8 Suppe (T1,Ts), where
Suppe (T1,Ts) denotes the support of Ry with respect to £ for (T, Tg) € ]Ri. Note that differentiation
with respect to the components of x can be replaced by differentiation with respect to corresponding
components of £, hence

Vm|: GO(tv-T;ng)RO(gleo(Tlvt)vTSO(TSat))K(TlvTS;t)dg] =

R3

- VeGo(t,2;0,&)Ro(§, Tho(Th,t), Teo(Ts, t)) (T, Ts; t)d€
St

= [ Go(t,%;0,§)VeRo(&, Tro(Th, 1), Tso (T3, t)) K(T1, Ts; t)d€.
S*
£
Thus if Ry is of C?t class with respect to &, then, in view of (3.15) with 7 = 0, ||V, R(¢t,z,T1,T3)],
vanishes as fast as exp(—d2/(4dgt)), where d, denotes the distance of z from the set S¢. In view of
Lemma 3.1, the lemma is proved. O

Lemma 7.2. Suppose that R(t,x,T1,Tg) satisfies Eq.(3.1). Suppose that for allt € [0,T] the support
of R(t,x,Th,Ts) is compact with respect to (T1,Tg), i.e. R(t,z,T1,Ts) =0 if |T1| + |Ts| is sufficiently
large (independently of t € [0,T] and = € R®). Then the function

R(t,x):/ R(t,z, Ty, Ts)dTydTs
RZ

satisfies the diffusion equation

R )

Proof The proof follows by considering the improper integral over IRﬁ_ of the both sides of Eq.(3.1)
as a limit of integrals over the sets B(0,r) N Ri. Proceeding as in the proof of Lemma 3.1), that is
to say, writing the sum of the last two terms of Eq.(3.1) as [-V - (I'(T1)R, B(T5)R)]. and using the
the Gauss-Ostrogradskii theorem, we conclude that the integral of this sum vanishes. a

From Lemma 7.2, we conclude that if the function defined by the right hand side of Eq.(3.52) is
in fact a solution to Eq.(3.1), then it should satisfy the identity

Je

for some function Ry independent of ¢ and (71,7s). To show this, let us note that due to (5.8) we

Go(t,2;0,8)Ro(&, Tro(T1, 1), Teo (T3, 1)) K(T1, Ty t)dE | dTydTy = C"/IR3 Go(t,2;0,§)Ro(£)d¢

2 L

have

Ro(&, Tio(Th,t), Tro (T3, t)) K(T1, Ts; t)dTdTs = / Ry (&, Tho,Tgo) dT10dTg0 := Ro(§).
R2 RZ

8 The case of the product initial data

In this section, we will consider the specific case of the initial data, which can be expressed as a
product of the functions depending on = and (73, Tg). In this case, in principle, we can give explicit
expressions for solutions also in for Eq.(3.1) with the functions I' and B depending explicitly on t.
This section can serve as a test for the validity of Lemma 3.8.
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We will thus consider the equation:

OR 0 9
E—dRVR TTI(P(Tht)R) Ty

(B(T3,1) R). (8.1)
Let us seek the function R satisfying Eq.(3.1) in the form of the product

R(t,x,T1,Ts) := Ry(t,x) - Ry (¢, T1,Ts)

where the function R, satisfies the associated heat equation, i.e.

OR, 9
= .2
ot drV*R, (8.2)
and Ry, satisfies the hyperbolic equation (3.3), i.e
ORy, 0 0
Ohtn _ T - 2 B(T; .
ot 8T1 ( ( 1, )Rh) aTS ( ( 8 )Rh) (8 3)

As, by assumption, R, does not depend on 77 and Ty and Rj does not depend on x, then by
calculating the partial derivative, we obtain:

O(R,Ry,)
ot

0 0

= thi (R;D) - RI? (aTl (FRh) 8T8

——(BRy)) =

V2(R,Rp) — (8? (PR, Ry,) + a?r (BR, Rh)) —0.

Thus, if the initial data for R have a product form, namely

Ry (07 x, Ty, Tg) = Rpo (.’IJ) - Rpo (Tl7 Tg) (84)
then R, - Ry, satisfies Eq.(1.11). We have thus shown the following lemma.

Lemma 8.1. Suppose that the initial data satisfy condition (8.4) and that the functions T and B
do not depend on t and x. Then there exists a solution to Eq.(8.1) having the form R(t,z,Ty,Tg) =
R,(t,z) - Rp(t,T1,Ts), where R, satisfies Fq.(8.2) and Ry, satisfies Eq.(8.3).

In the simple example, let us consider the case of linear I' and B functions, which seems to be the
simplest example expressing the characteristic features of the analysed equation. First, let us solve the
hyperbolic counterpart of Eq.(3.1), i.e. Eq.(3.3). To begin with, note that in the linear case defined
by (3.19) and (3.23), Eq.(3.3) takes the form

ORy 0 0
T —(s+r)Rp, —I'(Th) 87TlR B(Tg)afTs Ry, (8.5)
hence by defining
Ry == exp((s +7)t) - Ry,. (8.6)
we obtain
OR;, 0 - o -
ot —I'(Th) a1, Ry, — B(Tg)TTg Ry (8.7)

To simplify the example as much as possible, let us suppose that

S=r, So = T0- (88)

According to equalities (17) in [13, 3.2.2], the function Ry, is invariant along the trajectories of the
associated flow, i.e.

dRy,

a

from where it follows that
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R(t, Ty (Tho,t), Ts(Tso, 1)) = Ro(To, Txo)

hence

Ry (t,T1,Tg) = Rio(Tho(Th, t), Teo(Th, 1)),

where the functions To(71,t) and Tgo(T1,t) are determined by (3.8) and (3.11). Now, inverting (8.6),
we obtain:

R (t, T1, Ts) = exp(—(s + r)t) Ri(t, Ty, Ts) = exp(—(s + r)t) Rno(Tio(T1, 1), To(T1, 1)) =
exp(—(s + r)t) Rno(Tho(T1, t), Tso(T1, t)).

Suppose now that the condition (8.4) is satisfied. Then, according to Lemma 8.1, the solution has the
form

Ry(t, x) - exp(—(s + r)t) Rpo(Tro(T1, 1), Tso (11, 1)). (8.9)
Let us compare this expression with the equality (3.27), i.e.

R(t,.’L‘,Tl,Tg) = /]R3 exp(—(s =+ ’I“)t) . Go(t, x; 0,§)R0(f,Tlo(Tl,t),Tgo(Tg,t))d§ =

(/]R3 Go(t, x; va)Rpo(ﬁ)df) ~exp(—(s 4+ r)t)Rpo(T10(Th, 1), Tso (T3, t)) = Ry(t, ) - Ry (t, 11, T3),

where we used point 3. of Lemma 3.4. Thus, in the considered case Lemma 8.1 and formula (3.27)
give the same results.

Suppose that the support of the initial distribution is equal to the circle Cso = B2((—sq/s, —70/7), Po)-
Thus, let us assume that, for py < —sg/s, Rho(Tl, Tg) = cos* ((TF\/(Tl +50/8)%2 + (Tg + ro/r)? (2p0)_1)
for (T1,Tg) € Cgo and identically equal to 0 otherwise. For simplicity, let us suppose that r» = s and
ro = so. The projections of the characteristic curves of Eq.(8.7) on the (T3, Tg) space, determined by

system (3.5), are straight half-lines originating from the point (737,73) = (78—0, 78—0). According to
s s

(3.20), (3.26), we have

(Tho(Th,t) +s0/s) = (T1 + so/s) exp(—st), and (Tgo(Ts,t)+ so/s) = (Ts + s/s0) exp(—st). (8.10)

In the course of time, the support of the the function Ry, (¢, T1,Ts) (corresponding to the support of the
function Rpo(Tho(T1,t), Teo(Ts,t))) changes to a closure of the ball B%((—sq/s, —7r0/7),p(t)) =: Cst,
where p(t) = po - exp(st). It follows that the area of the support behaves as mp3 exp(2st). On the
—16 + 372

2 (.54, we obtain
8w

1
other hand, using (8.10) and the fact that 277/ cos*(m/2 s)sds =
0

/1R2+

exp(~(s +1)0) [

Rh(t, Tl7 Tg)dTldTg = exp(—(s + T‘)t) . / Rh()(Tl, Tg)dTldTg =
Cs,

0054((7T\/(T10(T1, t) + s0/5)% + (Iso(Ts,t) +10/7)? (QP(O))fl)dTlde =

Cst
arT dT;
exp(—(s + r)t) / 0034((7r\/(T10+30/s)2+(T80+7‘0/r)2 (2p0)*1) a7 ()2 (0)dT10d o =
Cso 10 80

exp(—(s + 7)t) exp((s + r)t) / cos* ((w\/(Tm +50/8)2 + (Tgo + 1o /7)? (2p0)_1>dT10dT80 =

Cso

Po 1
27r/ cos? (Wh(on)_1>hdh =3 (277/ cos4(7r/2s)sds) >~ (0.54p2.
0 0
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Summing up, the support of the function Rj becomes exponentially in time concentrated around
the point (—sg/s, —ro/r) and its area is equal to exp((s + r)t)mp3. On the other hand, the inte-

gral / Ry (t, Ty, Tg)dT1dTy is constant and equal approximately to 0.54p3. It follows that, in the
IRZ

+
considered case

Ry (t,T1,Tg) =2 0.54p30(—s0/s, —1o /7).

This is in agreement with the fact that, according to (8.10)

Ry(t, Ty, Ts) = exp(725t)cos4((7r\/(T1 ¥ s50/5)2 exp(—2st) + (T + s0/5)2 exp(—2st) (2;;(0))*1)
(8.11)
if \/(Th + so/s)2exp(—2st) + (Ts + so/s)? exp(—2st) < p(0) and 0 otherwise. Thus the maximal value
of Ry, grows as fast as exp(—2st). The cross sections of the graphs of the function R}, as given by the
right hand side of (8.11) for s = —2, sp > 2 and p(0) = 1 for three times ¢ =0, t = 0.5 and ¢t = 1
are shown in Fig.4. By cross sections we mean here cross sections with planes perpendicular to the
(T1, Ts)-plane passing through the point (—sg/s, —ro/r).

Figure 4:  Cross sections of the graphs of Ry, defined by (8.11) with s = =2, so = 3, p(0) = 1 for
t =0 (the flattest curve), t = 0.5 and t = 1 (the steepest curve).

Now, the two remarks should be made.

Remark It should be emphasized that the factorization property concerns only solutions to the
homogeneous equation. O

Remark It should be noted that for I' and B independent of ¢, the result of Lemma 8.1 can be
recovered via the analysis of equality (3.52). Thus, it follows from the assumption (8.4) that

R(t,,T),Ts) = ( /}R 3 Go(t,x;O,g)Rpo(ac)d§> K(Th, Ts; ) Rio(Tho(Th, 1), Tso (Ts, t)) (8.12)

Let us note, as before, that we can write

ORy _ _(8F(T1) OB(Tx) O p 1)L Ry (8.13)

ot T, T o1y T

Let us consider the above equation on the characteristic curves [0,7] 5 t — (¢,T1(¢), Ts(t)). Using
the second equation of (21) [13, 3.2.2], we obtain for ¢ € (0,77:

)i~ D(T1(5))
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dj;h = —(8Fg;1(t)) + aBg:;fS(t)))Rh. (8.14)

Considering the characteristic curve starting for ¢ = 0 from (T3¢, Tso) and defining
t t
A Ir(T1(s)) IB(Tx(t))

A= o ([T gy oy ([ BEO ), 15
RSP T PUJ, ToTs(s) h (8.15)

we obtain the equation
dRy,
dt
with the initial condition Rh(O) = Rpo(T10,Ts0). We thus obtain:

=0 (8.16)

Ry (8, T3 (), T (1)) = exp - /Ot T ) - ex - /Ot &ggé?ds) - Rno(Tio, Tso).

Using Remark after (3.32), we have
tor [(Tyo(Ty,t))
exp ( — /0 87/1—’1 (Tl(TlO,T)) d'T) = W,
and
t OB B(Tgo(Ty, 1))
— — | T3(T3p, dr) = ————122,
eXp( A aTg( 8( 80 T)) T) B(Tg)
It follows that

Ry, = K(T1,Ts,t) - Ruo(Tio(Th,t), Tso (T3, 1))
in agreement with (8.12). ]

Now, referring to the second sentence of this section, we will give a very simple example of a
solution to the hyperbolic counterpart of Eq.(3.1). Now, starting from (8.13), we can generalize this
analysis to the case of I' and B depending on t. In this case we have

oR, 7(8T(T1,t) n 0B(T3,t)
ot Ty OTx
Not to lose conciseness, we tacitly assume that Assumption 3.2 is satisfied for all ¢ € [0, T].
Let us consider the above equation on the characteristic curves [0,7] 3 t — (¢,T1(t), Tg(t)). This
time they are given by the equations:

Ry — B(Ts,)-2- Ry, (8.17)

)B —T(T1(s).1) 5T

Ty

dT:
— =T(@.t), T1(0) = Tho,
(8.18)
dT;
d—: = B(Tx,t), Txo(0) = Tko.
Using the second equation of (21) [13, 3.2.2], we obtain for ¢ € (0,T]:
dRp, OT(Ty(¢t),t) OB(Ts(t),t)
= — Ry. 8.19
dt (8T1+8T8)h (8.19)
Considering the characteristic starting for ¢ = 0 from (T}, Tgo) and defining
A L Or(Ty(Tho, s), 5) Y OB(Ts(Txo, 5), 5)
R, := exp (/0 3—Tlds) - exp (/0 0T ds) - Ry, (8.20)
we obtain the equation
dRy,
— =0 8.21
7 (8.21)
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with the initial condition ]%h(()) = Rpo(T10,T50). Consequently

¢ st) o ( B /t st) - Rio(Tho, Txo)-

By (1. 71(£), Ts(1)) = exp ( ‘/o T Ty (s)

Below, we will consider the simple but relatively general case:

T(Ty,t) = p1(OT+(T1) and  B(Ts,t) = ps(t)B.(Ts) (8.22)

with py(¢) > 0, ps(t) > 0 for all ¢t € [0,T].
Under this assumption, we have, by means of (8.18) and (8.22),

exp ( — /Ot wds) = exp ( - /Ot wpl(s)ds) =

0Ty o1y
T ar, (T (s)) _ Tu(Tuo(Th,t))  0Tho
P ( - Tio 8111 dTl) B F*O(Tl) N aTll (t) (823)
( _ Ly (Tho(T1,t))pa(t) _ [(T1o(T1,t),t) )
L. (Th)pi(t) [(1y,1) ’

where we took into account that 737(0) = Tyo. Likewise,

exp ( - /Ot wds) = exp ( - /Ot w%(s)ds) =

0Ty o1y
75 0B, (Tx(s)) _ B.(Tso(Ts,t)) T
P ( a /Tgo 371§de) N Bi(ET;) - 375’;80 2 (8:24)
( _ BulTso(Ts, ))pr(t) _ B(Tio(Ts, 1), 1) )
B, (Ts)ps(t) B(T3,1) '

To show that the function

(Tho(T1,t)) Bi(Tso(Ts,t))
[ (T1) B, (Ts)

R(t, 2, Ty, Ts) = /IR 3 Golt,230,€) - == Ro(€, Tuo(T1, 1), Tso(Ts, 1)) dé, (8.25)

is a solution to Eq.(8.1), we can use the modification of the proof of Lemma 3.7. The modification

consists in taking into account the fact that in the considered case, according to (8.23),(8.24), we have:

1 dTy OTy(Ty,t)
T.(Ty) dTy ot

= —pi(t)
and

1 0Ty dT30(Ts,t)
B.(Tg) 0Ty dt

= —pg(t).

9 Extension to the equation with added diffusion terms

Let us consider the equation with additional diffusional terms with respect to T and Tg:

OR ., ,(0*R  0O°R

0 0

T (I(T) R) - Ty (B(T3) R) + f(t,z,T1,Ts) (9.1)

where € > 0.

Remark In this section we will tacitly assume that the initial data are uniformly compactly supported
with respect to (T4, Tg), that is to say, there exist a compact set Sy C IR2+ such that

support g, 7,y 1o (x,T1,Ts) C So
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for all z € IR3. a
The following lemmas generalize Lemma 3.8 and 3.9 to the case of Eq.(9.1).

Lemma 9.1. The function
R(ta x, Tlv T87 5) =

/ Go(ta ] 07 g)QlE(tv T17 Oa ﬂ)Q8E(t7 T81 07 %)K(ﬂa 7%7 t)R0(§7 T10(71a t)7 T80(7é7 t))dfdﬂd%,

(9.2)
where K(Ty,Tg;t) is defined by (8.53) is a solution to Eq. (9.1) with f =0 with the initial condition

R(O7 Z, Tla TS) = RO(J:7 T17 TS)
and with the boundary conditions

R(t,z, Ty =0,T5) =0, R(t,z,Ty,Ts =0) =0

Here Gy is given by (3.15), whereas Q1 and Qs. are Green’s functions of the heat equation for the
half lines Ty > 0 and Tg > 0, i.e. solutions to the equations

8Qka 282Qk5 _
o e = 00T~ Th)

with Ty, T, > 0 and k =1, 8.
The proof follows by simple extension of the arguments used in the proof of Lemma 3.8.

Remark The explicit form of the functions Q. can be found, e.g. in [29, Section 7.1]

_ 2 2
Quet. Tt i) = (me2(t — 7))~ 2eap( '4T(t_T')) ~ (me2(t — 7)) V2eap( - 'f(j_T')) =

QI;&I - Q-ki_e

(9.3)
O

In the similar way the extension of Lemma 3.9 can be shown.

Lemma 9.2. The function

u(tvxaThTS;g) =

t
/ / GO(tvm;Tag)X
0 IRi_ R3

Q1(t, T1; 7, T1)Qse (t, Ts; 7, To)K(Th, Tas t — 7) f (1,6, T1o(Th, t — 7), Teo(Ts, t — 7))dEdT1d T dr

(9.4)
is a solution to Eq.(9.1) with zero initial condition.
Now, let us note that
limeao/ Q1c(t, 1150, T1) Qs (t, T5; 0, Ts)K(Th, Ts; t) Ro (&, Tho(Th, ), Tso(Ts, t))dThdTs = 05)
R2 9.5

K(T, Ts; t)Ro (€, Tho(T1, 1), Teo(Ts, t)).

Remark It is worthwhile to emphasize that we do not pass to the limit 7 — ¢ at the left hand side
of (9.5). Instead, while considering the convergence of solution to its initial data, it is replaced by the
equivalent limit ¢ — 0. This passage guarantees that the product £2(t — 7) — 0. a
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From (9.5), it is seen that for every (71, Tx) € R%

hmsﬂo R(ta Z, T17 T87 E) =

(9.6)

GO(t7 €3 Oa g)K(Th TS; t)R0(§7 T10(7—17 t)a T80(7—85 t))df = R(t’ €, T17 TS)
IR3

Likewise, using the fact that for every function J(¢,7,&, 71, Tg) of C! class with respect to its argu-
ments, we have

hma—)O/ Qla(t7Tl;7—a ﬂ)Q8E(taT8; T)E)j(t7 T7§7ﬂ77§)dﬂd7é — j(t7Ta€aT17T8)7 (97)
my

it is seen that for every (Ty,Ts) € R%
lim u(t,z, Th,Tg;e) = u(t,z, Th, Tg). (9.8)
e—0

In (9.6) and (9.8) denote the functions provided by Lemma (3.8) and (3.9) respectively.

Now, we will consider the behaviour of the derivatives of the functions R and u. First, let us
present a convenient auxiliary result, which can be derived from the Gauss-Ostrogradskii theorem,
but is more general. For convenience of the reader, its proof will be presented below.

Lemma 9.3. Let G be a bounded region in IR™, m > 1, whose boundary Sg is a closed, piecewise
smooth surface which is positively oriented by a unit normal vector n directed outward from G. If
f = f(y) is a scalar function with continuous partial derivatives at all points of G (determined by
appropriate limits as y — Sg). Then

/ n(5)fs)ds = /g Vi (y)dy.

In particular, if n; denotes the j-th component of the normal vector n, then

/ i (e)ds = /g fyjf(y)dy.

Proof Let e;, j = 1,...,m, denote the unit versors of the Cartesian system in IR™. We have:

Vi(y) = Zej V- (f(yej),

where V f denotes the gradient of a scalar function f and V - g denotes the divergence of a vector
function g. In this way, be means of the Gauss theorem,

LVt =3"e; [ V(e =

j=1 79

Dy (o) mds = [ f)Y esles ) ds = / nfo)is

The lemma has been proved. O

Note, that using (9.3) we can write, for k = 1,8,

0Qie _ 9Qn  9QL
T}, Ty 0Tk

hence
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0

—R(t,x, T, Tg;¢e) =
aTk (,(L‘, 1, 875)

— [ Golt,x;0,¢) /}R 887 (ng(t Ti; 0, Te) + Qf (¢, Ti; 0, ﬁ))Qk*e(t’Tk*;o’n*)X (9.9)

R3

KTy, Ts; t)Ro (€, Tro(T1, 1), Tso(Ts, £))dT1d Ts d€

where k. is an index complementary to k, i.e.

8 ifk=1,
k., =
1 if k=28.
It follows that

0
TTkR(tax,ThTsﬁ) =

0
7\/]1{3 GO(t71';07£) /]R2 8779 ( [ng(t Tkvo 776) +Qk5(t Tk’o 776)] Qk*E(taTk*;Oaﬁ*)X

K(Ti, Tsi ) Ro(&, Tio(Ti, 1), Tao(Ts, 1)) ) dTad T d + (9.10)

Go(t,230,€) x/2 (@ (6 Tk; 0, Toe) + QUL (¢, T 0, Ti) | Qe (£ Tho; 0, T ) %

R? R?

0

g7 (KT Tos ) Ro(€. Too(T.1), Too(Ts. 1)) ) dTi dTrde

Above, the formal integrals over IR?H can be understood as as the limit of the integrals

/ (VdTdTe = lim [ ()aTidT,
we

T—00 Zc(,,_)

over the region Z¢ comprised within the contours C' composed of the lines {7; = 0,0 < Tg < r},
{Ts = 0,0 < 71 < r}, and the quarter-circle {73 > 0, Ts > 0,772 + T& = r?}. Let us note that
due to the fact that the initial support Ry of the function R with respect to (71,7s) is compact
independently of ¢ € Q thus, for given ¢t > 0, there exists r(t) > 1 sufficiently large such that
Ro(&,T1o(T1,1), Tio(Ti,t)) = 0 if T2 +T& > r(t). Tt follows that for fixed ¢ > 0 and ¢ € R®:

[Qre (8, T3 0, Th) + Qi (£, T3 0, To) | Qe (t, Thon; 0, T )K(T1, T ) Ro (€, Tao(Th, ), Tso (T, t) = 0

together with its derivatives for T2 + T& > r(t). Next, the function Ro(&, T10(71,t), Tzo(Ts,t)) vanish
for 71 = 0 or Tg = 0, the last expression is equal to zero also on the axes 77 = 0 and Tg = 0. Thus,
using the second identity in Lemma 9.3 with m = 2 and n; = n;, we obtain

9
w2 Tk

( [Q};E(ta Tka 07 77€) + Q;:E(ta Tka 07 77&‘)] Qk*e(ta Tk*7 Oa ﬁ*)K(ﬂ7 7%7 t)RO(Ea TlO(ﬂ7 t)? TSO(,]E% t)))dﬂd%

r—>00 IC (T) 8,77c

( [Q.(t, T30, Tr) + Qi (¢, Ti; 0, T) | Q. s(thk*§0;E*)K('Tla7—8;t)R0(§aT10(7—17t)7T80(7-8;t)))d7-1d7—8

= Jou [@Qre(t, Ti: 0, T) + Q1. (t, T3 0, T)
X Qe (t, Thu; 0, Tew)K(T1, Tsi t) Ro (&, Tho(Ti, ), Tso(Ts, t) ) npds(r),
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where ds(r) is the infinitesimal arc length over the circle C'(0,r). It follows from (9.10) that

0 _
R(t7xaT1;T8;E) = GO(taxa07€)/ I:ng(t7TlaO771) + Q;:E(mTl?Oaﬂ)} Qk*g(t,Tg;O,E)X
aTk R3 Ri
0

o7 (K (T3 Tt Rol€. Tio(T.1). Tao(Ts. 1)) ) dTi T d -
9.11

Likewise, we can show that

o t
7u(tava17T8;€) = / / G()(t,$;7'7 5) [Q}Zg(thkaovn) +Q2‘>5(t1 Tkaovﬁ):l Qk*a(tuTk*70777€*)
T, 0 Jr2JR2

%o (KT8 Tost = ) (7,6 T (Tt = 7), TaolToot = 7))dTidTS) dé dr

Finally, using the identities (9.6) and (9.8) one can prove that

. 0 0
11m5_>0 TﬂR(t,l’7Tl,Ts; E) = TﬂR(t7l’,T1,T8) (912)
and
li 0 u(t,z, Ty, Ts; €) 0 u(t,z,T1,Ts) (9.13)
11m g 5 = — . :
e—0 aTk sty 41,48, aTk; s by L1, 48

This follows from the form of the functions Q1., Qs given by (9.3), the Remark after (9.5), and
point 2 of Lemma 3.4, which result in the following simple lemma.

Lemma 9.4. Suppose that the support of the function g(T1,Tg) € CO(IR?) is compact and contained
n IR%_, Then

lim._,¢ / / X
Ry JR,

(G (6. 1350, T0) £ G (4. T350,T) ) (Gra (6. 1430, T5) + GRL(t 143 0.T5) ) 9(Ts, To)d Tad s =

=g(T1,T3).

Proof Due to the compactness of the support of the function g we can write

lima_m / / X
Ry JIR

(G1(. 7130, T1) # GE (1,710, T) ) (G (8, Tsi 0. T5) + GL (1, Ts: 0.T5) ) o (T3, Te)dTad Ts =
1imﬁo/ (G5 (T30, 5) + GL (1, T30, T5) ) x
Ry
[t [ (Gt T30.T) £ GLTi0.T0) )a(Ts, TT: a7,
R

As g(T1,7s) =0 for T1 <0 and all Tg € IR, we have H(—T1)g(T1,Ts) = H(T1)g(—T1,Ts) = 0 hence
by point 2 of Lemma 3.4
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timeo [ (GL(T30.7) £ GL(L T30, ) o(Ti, )T =
Ry

timo [ (Gt T30, T5) & G B350, T0) ) H(To)a(Ti, T)T: =
R

H(Ty)g(Ty,Ts) £ H(T1)g(—=T1,Ts) = 9(T1, Ts)-
Similarly, as g(T1,7s) =0 for Ts < 0 and all T} € IR, we have H(—Tg)g(T1,Ts) = H(Ts)g(T1,-Tg) =0
hence

limo | (Golt. 10, ) £ GLE 0. 5) ) g (11, )T, =
Ry

fimio | (Gt T30, £ GL(4 T 0.T0) ) H(T)a(Th, T)dTs =
R

H(Ts)g(T1,T3) £ H(13)g(T1, —Ts) = g(T1,T3).

The lemma is proved. |

The same analysis can be carried out in case of the second derivatives with respect to Ty, k = 1, 8.
Thus repeating twice the arguments presented above we obtain:

82
8T18T8 ‘R(t7 x, Tl, Tg; E) =
Go(t7 x; 07 5) / [Ql_s(tv T17 07 71) + Q—li—s(ta Tla 07 71)] [Qgs(ta Tla 07 71) + Qgg(t7 T17 Oa 71)] X
R3 R2
0? +
g7 a7 (KT T ) Ro(6. Tio(Th. ). Tw(T. 1) ) AT T, de.

(9.14)
Next, due to the fact that, for k = 1,8,

aQQkE o aQka
o1z~ o072’

we obtain

62
WR(t7xaT17T8;E) = GO(ta$707£)/ Qla(taTI;Oaﬂ> . QSE(taTl;()?ﬂ)x
k R3 R2

N (9.15)
2
88773(’C(Tuﬁs;t)Ro@aTlo(Tl,t)aTso(E,t)))dTld% de.

Likewise

82
0T 0Ty

U(t7.’1,',T]_7T8;€) =

/ Go(t7$107£)/ [Ql_g(thlvoa,Ti)+Q-1‘r5(t7T17077d1)] [Qg_g(taTlaovﬂ)+Q§_g(t7Tl70771)] X
R3 R2

T
82
0T107s

(KT Tsst = )£ (7., Tao((Ti.t = 7). Tao (T, t = 7))dTidTs ) dTid T .

(9.16)
and
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2

TTgU(tJ,ThTs;S) = ) Go(t,;0,¢) /]R2+ Q1e(t, 7150, T1) - Qse(t, 7150, T1) %
92 (9.17)
7 (KT8 Tost = D) (726, Too(Tist = 7). T (Tt = 7)dTidTs JdTid s
Similarly to (9.12) and (9.13) we have, for k,l = 1,8,
2 2
lim, g WR(L xz,Th,Ts;€) = 97,07, R(t,z,T1,T3) (9.18)
and
2 2
lim. _ Wu(tw,Tl,Tg;E) = mu(t,x,Tl,Tg). (9.19)

Consequently, the following lemma holds.

Lemma 9.5. Let R(t,z,T1,Tg;¢) and u(t, z, Ty, Tg;€) denote the functions defined in (9.2) and (9.4),
whereas R(t,x, Ty, Tg) and u(t,x,T1,Ts) the corresponding functions defined by 3.8 and 3.9. Then,
for every t € [0,T),

R(t,z,T1,Ts;e) = R(t,z,T1,Ts) and w(t,z, Ty, Tg;e) — u(t,x,T1,Tg)

as € — 0, in the C%(Q x ]Rii) norm.

Remark It follows straightforwardly from Eq.(9.1) that also the time derivatives of the functions
R(t,x,T1,Ts;e) and u(t,x,T1, Ts;€) tend the time derivatives of R(t,z,T1,Ts) and u(t,z,T1,T3) as

e — 0 for each (v,T1,Ts) € Q x RY. O

10 Remarks on the existence of the Green’s function for the
Neumann problems in bounded regions

The explicit form of the Green’s function with homogeneous boundary conditions of Robin type has
been found for many specific bounded regions, like an interval, a sphere [26], or a rectangle [14].
However, in many standard books in the theory of parabolic differential equations, the existence of
Green’s function for Neumann problems is not stated. (In [15] such an existence is only mentioned as
a result of [15, Problem 5, chapter 5]. Instead, in [15] or [29] (which in the context of Green’s function
approach is based on the results in [15]) another form of integral representation of the solution to
the Neumann (second type) initial boundary value problem is presented (see (3.5) in [15, section 3,
chapter 5]).

Let 2 C IR™ be a bounded domain with the boundary of class C?*v v € (0,1). For 7 >0, T > 7,
let us consider the linear parabolic equation:

Au = f(t,x) in (1,T) x Q,
U(T, 3?) = 1/J($) o1 ﬁ, (101)
Ou(t,r)
aoltz) 0 on (1,T) x 99,
where ¥ and f given,
ou
A=L- . (10.2)

and
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L= ai(t,x)s——=—+ Y bi(t,x)5— 10.
P a;j(t, x) .01, + 2 bi(t,x) oz, + c(t,x) (10.3)

is a second order uniformly elliptic operator with sufficiently smooth coefficients depending on (¢, ).
v(t, ) denotes the vector with components v;(t,z) = > a;;(t, z)n;(z), where n(z) = (n1(z), ..., nm())
is the unit outward vector normal to 0f2 at x. Thus

ou(t,r) 3

ov(t,x) vtz 8x ;b
In fact, the left hand side of (10.4) denotes the diffusional flux through the boundary at point « € 99.
Let T'(t, x; 7, £) denotes the fundamental solution to the first equation of system (10.1). We thus assume
that I" satisfies the equation Au = 0 as a function of (¢, z) in Qx (0,T) for all (7,&) € Qx (0, T)N{r < t}
and that for any ¢ € C°(Q) and any z € 2, we have

-Vu(t, z) Za” t,x)n;(x t,x). (10.4)

lim [ T(ta3m, 0(€)de = (o). (10.5)
TJQ

In particular, if L is equal to drA, then T" is given by the right hand side of (3.15), i.e

|z — ¢

1 TAda(t — )
D(t,z;1,8) = (47rdR(t—7-))3/2€ 4dp(t —7)

Basing on the representation of solution to system (10.1), given by (3.5) in [15, section 3, chapter

5], it is proved in [6] the existence of the Green’s function for problem (10.1). Moreover, in a sense,
the Green’s function is defined explicitly. Thus, let

aF(t x; 7, §)

Mi(t,x;1,8) = vt 7)

and

t
My (b 257, €) = / My(t, 230,0) M, (0, 7,7, €)dndo.
T oN

Having shown the convergence of the series

Sp

ZMp(t,x;T,f)

p=1
as s, — 00, it is proved in [6, Section 3] that the Green’s function for (10.1) can be constructed, in a
way, explicitly. Thus, if

Nt-—28l“t' 2OOtMt- a1“-dd 10.6
(a$77_7€)__m (7x’77§)_ pZ/T /OQ p(vxvmn)m (0777’7—75)770'7 ( )

then the following lemma holds.

Lemma 10.1. The Green’s function for problem (10.1) is equal to

t

Glt.rir) = [ [ T(taiomN o, ddo + Dit,im, ). (10.7

T JOQ

This function satisfies the identity
Glt.in§) = [ GltaiomGomr oy T<o <t
Q

and if ¢(t,z) = 0, then

/ G(t,x;7,£)d¢ = 1.
Q
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The solution to problem (10.1) can be represented in the form:

ult,z) = /Q G(t, 757, ) (E)de + / t ( /Q G(t, €, s)f(x,s>ds) ds.

Remark It follows from Lemma 10.1 and (10.5) that the Green’s function for the bounded region
(with sufficiently smooth boundary) satisfies the properties corresponding to points 1,2,3,4 of Lemma
3.4. O

Remark Suppose that for all £ € Q, ¢ > 7, the fundamental solution T'(t,z;7,£) of the equation
Au = 0 (which is, in general, different than the heat kernel given by (3.18)) satisfies the boundary

conditions
IL(t,2;7,§)
— T Q.
ot 2) 0 on (0,T) x O
Then, according to (10.6) and (10.7), G(t,x;7,&) = T'(t, z;7,€). O

Remark Let us note that, in the case a;; = J;;dr, then, due to definition (10.4)), the condition
Ou(t, x)
ov(t,x)

= 0 implies the homogeneous Neumann boundary condition

ou
%—0 for n = n(z), x € 0N.

11 The case of bounded regions

In view of section 10, we can generalize our previous results to bounded regions. To be more precise,
the following statement holds.

Theorem 11.1. Let Q ¢ IR?, 1 < j < 3 be a bounded domain with sufficiently smooth boundary.
Then Lemma 3.8, Lemma 3.9, uniqueness results in section 4, and the convergence statements in
section 9 remain valid.

Proof The proof of this statement is due to the fact that all the expressions exploited in above can
be used modulo the formal change of Go — G, where G is the Green’s function for the problem (10.1)
for L = dgV?%. To prove it suffices to apply the previous analysis to the integrals over finite space
regions ). O

In particular, the unique solution to the initial value problem for the homogeneous and inhomo-
geneous equation corresponding to (3.1) is given in the following lemma.

Theorem 11.2. Let m = 1,2,3. Let Q be a bounded region with the boundary 02 in C**V class. Let
G denotes the Green’s function for the problemﬁO.]) with L = dgV?. Suppose that Assumption 3.3
holds for all x € Q, and that for all (Ty,Tg) € IR?H the function Ry : Q x IRi, satisfies

0
(@) Ro(z,T1,T5) =0 for x € ON.
Then, the function
R(t7I7T13T8) = G(t7x;Oag)’C(TlvTS;t)RO(é.aTlO(Tlat)7T80(T87t))d€7 (111)
Q
e D(Ti0(T1,1)) B(Tso(T, 1)
K(Ty, Ts; t) = ——2 =L LEAS LA 11.2
( 1,48 ) F(Tl) B(TS) ( )
s a solution to the equation
oR 9 0 . 0 _

45



with the initial condition
R(07 Z, Tla TS) = RO(I', T17 TS)

and the homogeneous Neumann boundary conditions

mR(t, xz,T1,T5) =0 for x € 0N).

Nezxt, the function

t
uta 1) = [ ([ 0 Bt = )6t £ Tho(Tiot = ), Tl Thct = ) (11.4)

is the solution to the non-homogeneous equation

OR ) 0 0
== — ~ (I(T)R) — —
drV2R (N(T) ) = o

ot Ty (B(Ts) R) + f(t,x,T1,Tg). (11.5)

with zero initial conditions and the homogeneous Neumann boundary conditions. If Ry € C’;’;QT and

fe Ctvéqui 2ng whereas T and B are of C class of their arguments (in the corresponding domains),

then the functions given by the right hand sides of (11.1) and (11.4) are bounded in the norm of the
1+U/2 24v,2
(T1,Ts)

15 deﬁned szmzlarly to the space Wy before Lemma 4.2 by replacing IR® with Q.

space C, ([0,T] x Q x R +). These solutions are unique in the space of functions Wap which

12 The case of I' and B depending on x and ¢

In this section we will consider the case of the functions I' and B depending on x and t. For technical
reasons, in view of section 11, we will assume that Q@ € IR", n = 1,2,3. Moreover, supported by the
fact that the number of receptors on the cell membrane is bounded, we will compactify the region in
the (T1,Tg) space the domain D™¢¢ of I" and B as

D7 = {(T3,18) : T € [0, Timas, Ts € [0 Tamas

and take:

T,B:D" x[0,T] x 0+ IR.
We will thus consider the equation
OR 0 0
— =dgV*R — — (I'(Ty;25t) R) — —
ot~ F or T B) = 5

with I and B depending also on x and ¢. As before, this equation is supplemented with the initial data
Ry, together with homogeneous Neumann boundary conditions with respect to 92 and homogeneous
Dirichlet boundary condition on the boundary of the set IRf_.

(B(Ts; ;1) R) (12.1)

Assumption 12.1. R satisfies the following boundary conditions:

(VR) -n(x) =0 for x€0Q and R(x,T1,T3) =0 for (T1,Ts) € oD (12.2)
Let o € (1/2,1) be fixed.

Assumption 12.2. R, € C’i?‘i‘%ﬁ satisfies conditions (12.2).

Let > 0 be fixed, but at our disposal. Let us also choose a point zg € Q such that there exists a
pair (T1,Tg) € D"e¢ for which

Ro(IO, Ty, Tg) > 0.
To prove a local in time existence of solutions to Eq.(12.1), let us define a mapping;:

R L(R) = R(Ry, R), (12.3)

46



where R is a solution to the equation

OR L0 ) 3
E =drV*R — 87,171 (F(Tl,l‘o,()) R) — 87’178 (B(Tg,l‘o,O) R) +}-(t,$,T1,Tg,R), (12.4)

where

F(t,z,T1,T3, R) :=

—% (F(Tl;w;t) 1:2) — % (B(Tg;x;t) R) + aiTl (F(Tﬁl‘oéo) R) + #2“8 (B(Tg;mo;O) R)

Let R, denote the solution defined on [0,7] to Eq. (12.4) with the term F = 0.

It is seen that the fixed points of the mapping (12.3) are equivalent to solutions of Eq.(12.1) with
the above determined initial and boundary conditions.

1
Definition 12.3. Let J = §||R0 — R.||, where || - ||, where denotes the norm in the space
CLESZE22([0, 7] x Q x R™). (12.5)

Definition 12.4. For 0 € (0,T] and v = /2, let

Hp = {h € Ctl,;rzlf}z’l’l([(),ﬂ x Q x D) : h satisfies conditions (122)}

Definition 12.5.
2 1 14+7,247,2,2
Hyy == {v €M, vEC, ™7 [lv— Roll2 < J},

where || - ||2 denotes the norm in the space

1+7,2+7,2,2 I'e) g
Ct,z}hTZ ([0,T] x Q x R"e€).

For convenience, let us quote the version the Schauder fixed point theorem, which will be used
below.

Theorem 12.6. ([15, 9.2.2, Theorem 3], see also [33]) Let X be a Banach space. Suppose that K C X
s compact and convez, and assume also that L : K — K is continuous. Then L has a fized point in
K.

In our analysis, we will take H} as X and HZ; as K.

First, we note that the mapping L is continuous. Next, the set 7—[% 7 is compact and convex. To
proceed, we must show that there exists # > 0 sufficiently small. This follows from Theorem 11.2,
with « replaced by v = «/2 (which is justified as v < «a) together with the Schauder estimates
applied to the parabolic part of Eq.(12.4) and the properties of solutions to system determining the
bicharacteristics of the hyperbolic part.

First, from the explicit form of the solution to the inhomogeneous problem with f(¢,x,77,73)
replaced by F, we conclude that for R € HE, T € Cg’«’ll’;{t and B € C’:?};’;t, R(Ro, 1:2) is of class C?
with respect to Ty, Ts. Moreover, given R, the function F is of C’;:tl class for each (T7,7Tg). Let us
note that Eq.(12.4) can be written as

OR
S = ViR - (%F(Tl;xo;o)) R- (%B(Tg;%;O)) R+
(12.6)

(= T(Ti20;0) (53 R) — B(Tsw0;0) (5% R) + F(t,2, 71, T, R(t 2, T1, Ty))),

and its solution is given by the sum of (11.1) and (11.4), where f(¢,z,T1,T3) is identified with

f(tvvalvTS) = f(tavalnguR(tvvalvTS))'
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Next, from the explicit form of the function R(Ry, R), together with Lemmata 3.5 and 3.6, we see that
its first and second derivatives of with respect to T} and Ty are uniformly bounded on [0, 6] x  x R"°°.
Differentiating Eq.(12.6) with respect to T3, we obtain the equation for Ry, :

ORr,
at

0 0
= drV?Ry, — QTEF(TU z0; 0) R, — 87TSB(T8; z0; 0) R, +

{ = T(T520;0) Ry, = D(T1300; 0y, R = T(T3; 203 0) Ry — B(Tas w03 0) R, + (6@, Ty, To)mys
(12.7)
where the expression in the curly brackets is uniformly bounded in L® norm. Thus using the estimate
(16.48) Theorem 6.49 of section VI in [25], we conclude that for each (T3, Ts) € R"“°, the mild solution
to Eq. (12.7) satisfies the estimate

”RTl||Cf},j/j)/2’l+/i([0,r]Xﬁ) (12.8)

for all g € (0,1). Likewise, we obtain the estimate
||RT8 “C{};[j)/2’l+[3([077]Xﬁ)' (129)

Recall Theorem 5.3 of Section IV in [23].

Lemma 12.7. Let Q be bounded open subset of R™?, mg > 0, and

me 52 meo )
L= Z aij(t,x)m + ' bj(t,a?)a—zj —c(t, ).
i,j=1 j=1

Let T >0, m > 0 be a non-integer number, 9Q € C™+2, and the coefficients of the operator L belong
to the class C™/>™(Q). Then, for any f € C™/2™(Q), and ¢ = U(0,z) and & € C"™+1(9Q), which

satisfy compatibility conditions of order [m

} , the problem

% — Lu+t f(te) in(0,T)xQ

u(0,2) = ¢p(x) inQ

n(z) - Vu=®(xz) on o

has a unique solution from C't™/224Mm(Q) satisfying the estimate

ullcremszarm < (||l gmrzmo,ryxa) + 10llcmiz@) + 1@llem+ion)) »

where, for given T > 0, the constant ¢ can be taken as independent of t € (0,T).

Noting that the expression in the bracket at the right hand side of Eq. (12.6) belongs at least to
the class C}!, applying Lemma 12.7, and estimates (12.8) and (12.9) to Eq. (12.6), we conclude that

t,x

[R]2 < C,

where, as in Definition 12.5, || - ||2 denotes the norm in the space 0151;%2;;1,2,2([0’ T] x Q x R"*°). (Let
us note that without losing generality we can assume that 8 > a.) Moreover,

13 Final remarks

13.1 Generalization to bigger dimensions

The obtained results can be extended to equations for the spatial sets Q C IR™ with arbitrary n < oo
and arbitrary number s of T" variables, that is to say to equations of the form:
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OR ., S,
- = drV R - ; 3T (D(T)R) + f(t, 2, Ty, ..., T). (13.1)

Assumption 13.1. Assume that T'\(T1),...,[s(Ts) are of C**1 class, k > 2, and that for all
(Tho, - .., Tso) the system

dTy dTs

dt dt
has a unique C**1 solution (Ty(-), T(-)) satisfying the initial conditions Ty (0) = Ty, ..., Ts(0) = Txo,
defined for all t > 0. Suppose that there exists a positive number pi_s, such that

(t) =T (T1),..., (t) =Ts(Ts), T1(0) = Tho, ..., Ts(0) = To. (13.2)

I(Th) >0 for|Th] < pi—s,

Fs(Ts> 2 0 fOT |Ts| § Pl—s-

Assumption 13.2. Assume that for all x € Q, Ro(z,Ty,...,Ts) £ 0 only for (T1,...,Ts) from some
open precompact set in IR%r

Let Q = IR" or let Q be a bounded open subset of IR” with the boundary 9 belonging to C?*?
class, v € (0,1). Then the unique solution to the homogeneous version of Eq.(13.1) (with f = 0),

satisfying the homogeneous Neumann boundary conditions if 2 is bounded, can be expressed in the
form

R(t7x,T1,...,TS):/G(t,x;O,f)lC(Tl,...,Ts;t)RO(g,Tlo(Tl,t),...,TSO(TS,t))dg.
Q

Here G is either equal to G} specified in Lemma 3.4 (if 2 = IR"), or G is equal to the Green’s function
for the homogeneous Neumann boundary value problem discussed in section 10, whereas

K(Ty,... Toit) = HW
k=1

Next, the unique solution to the inhomogeneous problem with zero initial condition is equal to

t
u(t,x,Tl,...,Ts):/O (/QIC(Tl,...,Ts;t—T)G(t,x;T,g)f(T,f,Tlo(Tl,t—T),...,Tso(Ts,t—T))dg)dT.

If Ry and f are of C? class and 'y, k = 1,. .., s are of C? class of their arguments (in the correspond-
ing domains), then the functions R and u are bounded in the norm of the space C, :%?H;j ([0, 7] x

Q x ﬁi) These solutions are unique in the space of functions Wsp which is defined similarly to the
space W, before Lemma 4.2 by replacing IR* with Q.

13.2 Convolution notation

Let us note that the obtained expressions can be written in a bit more abstract form. Namely, if P
denote the solution operator we have for the hyperbolic equation acting on the initial data function
Ry, i.e. P(Ry)(t,z,Ty,Ts) is a solution at time ¢. Then (3.52) can be written

R(t7x7T17T8) = ‘/QG(tvm7 0,£)P(R0)(t,f, TlvTS)dg = G(tvxa 075) ® P(R())(tﬂglevTS)' (133)
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The last expression can be interpreted as a kind of convolution of the solution to the hyperbolic
equation Eq.(3.3) with the Green’s function G for the diffusion equation. Moreover, if G depends only
on z—¢, as it is for @ = IR" (see Lemma 3.4), then this expression is a usual convolution with respect
to &, i.e.

R(t7 x, T17 TS) = G(ta T, 07 g) *5 P(RO)(t7 ga T17 TS) (134)
Let us note that the above formula can be generalized to initial data at time ¢ = 7 > 0. In this case,
Ry should be treated as a function of 7 also, i.e.
RO(T) = RO(Ta x, Tla TS)

Then the above equalities should be written as

R(t,l’,Tl,Tg) :/QG(t,I;T,f)P(Ro(T))(t,f,ThTg)dg, (135)

and

R(t,.T,Tl,Tg) = G(t, x;T, f) ® P(RQ(T))(t,g,Tl,Tg), (136)

where 7 is fixed. In this notation
P(Ro(7))(t,€,T1,Tg) = K(T1, Tg; t — 1) - Ro(7,&, Tio(Th,t — 7), Teo (T, t — 7).

Recall that T1(11,t—7) denotes the value of T1 on the characteristic curve at time 7 and Tgo (T3, t—7)
denotes the value of Ty on the characteristic at time 7.

Let us note, that (13.3) and (13.4) are also valid, if I' = I'(71,t) and B = B(Tg,t), if P denotes
the solution operator for Eq.(3.3). This follows from the first part of the proof of Lemma 3.52 and
the fact that if P(Ro)(¢,&,Th,Ts) satisfies Eq.(3.1), with I' =I'(T3,¢) and B = B(Ts,t), then

(P(RO)(t7§7T17T8))7t = —% aiTS(B(T&t)P(RO)).

Now, as G(t, z;0, ) does not depend on T} and Ty, we conclude that

(r(1,0P(Ro)) -

(Gt 2:0,9 P(Ro)(1.6, 11, Ty)) d =

,t

R(t7$aT1; T8> = /

Q

0
_aiTl(F(Tht)/QG(t,x;0,£)P(RO)(t,§7T1’T8)d§)

0
_TTS(B(T&t)/QG(t,x;O,§)P(R0)(t,§7T1,T8)d§) —

0 )
g, (P@L DR, T, 1)) = S (BT 0R( 2, T Ty) ).

This fact is in agreement with the results of section 8.4. An example of a solution to Eq.(3.1) in
the case of I" and B depending also explicitly on ¢ is given at the end of section 8.4.

Now, in the case of I" and B not depending explicitly on ¢, as it follows from (3.56), the solution
to the inhomogeneous equation (3.55) can be written as

R(t, 2, Ty, T) = /Q / Gt 2:7.€)P(£(r)) (7. £, Ty, Ti)drd, (13.7)

what can be displayed in the convolution form:
R(tv xz, Tla T8) = G(tv 3T, 5) * P(f(T))(Ta gv T17 TS)

It seems that in the case of I' and B depending explicitly on ¢, equality corresponding to (13.7)
do not hold. Similarly, in the case of I' and B depending explicitly on x, we have not been able to
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derive the corresponding expressions for the solution even in the homogeneous case.

To obtain stronger results in the analysis of (1.1)-(1.3), in the remaining sections, we will propose
a discrete time method, which can at least partially overcome these difficulties and study the existence
of solutions to system (1.11)-(1.13).
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Part 111
Existence theorems via the Rothe method

14 Modified discrete Rothe method

The formulation of the discrete Rothe method for system (1.11)-(1.13) has been proposed in paper
[19]. It was shown in [19] that, after some essential modifications taking into account the existence
of characteristic curves for the hyperbolic counterpart in the first equation, the Rothe method can be
used effectively to study the existence of solutions and well posedness of the initial boundary value
problem.

As it was noticed in the previous section, system (1.11)-(1.13) can neither be studied by means
of classical methods dedicated exclusively to systems of parabolic equations, nor by the methods
dedicated exclusively to hyperbolic ones. The method proposed in [19] consists in a combined dis-
cretization of the variables ¢, 77, Ts. In this setting, an implicit difference scheme exploits essentially
in the form of the characteristic curves. The resulting sequence of elliptic PDE’s is well posed and
inherit, in a way, the basic properties of the original system (1.11)-(1.13).

Let h = (At, ATy, ATy), t' = iAt, TV = jAT,, TF = kATg and
Zh:{(ti,T{,Tg): i,j,k:O,l,...}, Z;L:{(Tf,Té“): j,k:o,1,...}.

Let R»*(x) = R(t',2, T}, TF). Given any function v : Z), — R, an interpolation operator I, acting
on v, can be defined informally by:

Iv(Ty,Ts) = piecewise linear interpolation

for Ty € [lefl,le], Ts € [TE=1,TF), j,k = 1,2,... In particular, we write below I, R*~!(z; T}, Tg) for
the interpolation I;,v where v7F ;= Ri=17:k (x).
Thus the following numerical scheme for solving system (1.11)-(1.13) was proposed in [19]:

ik T ey Gk ik
RYWP — Iy R 21" (2), 37" (2)) — dpV2RIk ¥ . (RAF KRV

At
5 5 (14.1)
oot [ () - R )]
le;i - 71”_1 owi ~ [T, st i—1 usi
T =V ¢+ V/O A Ihcg’ IL,R"™dT1 dTg — cy’ (142)
cu;i _ cu;i—l ) ) 00 . ) ) .
S VE i / / Iney™ M I,RT1 ATy dTs — T ey (14.3)
o Jo
where, for each x € (Q, Tf ’k, Tg’k are computed from the equations:
le - Tf’k(x) ~ uyi—1 wyi—1 i
N N (), eg T (), T7), (14.4)
TE — " = ,
B om0 (@), 1), (14.5)

At

dT AT, dT; AT;
ditl R Ttl’ d—: ~ =% the above equations are finite difference approximations of the
equations determining the characteristics of the hyperbolic part of Eq.(1.11)

Since

aR a ~/u a S( U
TR (Y(ct, 5, T1) R) — oTs (5(08aT8)R)

that is, by the equations:
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drTy

o = et e, Th) (14.6)

Ty < .
W = (S(CS,TS). (147)
O

In section 16 we propose a different numerical scheme, where € Q, T} and T, are treated as
continuous variables. This change is dictated by the fact that we will concentrate mainly on the
existence of solutions, putting aside the qualitative results of numerical simulations.

15 Preliminary lemmas and properties

In this section we establish some of the properties of the coefficient functions in system (1.11)-(1.13),
and find some a priori estimates of its solutions.

15.1 Preliminary lemmas

Below, we will make use of the following formulation of the maximum principle for elliptic equations.

Lemma 15.1. Let Q € R™?, mq > 1, be a bounded domain with 9 of C*** class, a € (0,1). Let
aij, i,j € {1,...,mq} and bj, j € {1,...,mq} be of C*T*(Q) class. Let

Lw — % a”(x)827w + %b‘(x)aiw
o =1 * 81'181'] — 7 8xj

be a uniformly elliptic operator. Suppose that w satisfies the equation

Lw—c¢(x)w+ f(x) =0 in Q, (15.1)
0w 4y — o9 15.2
%(x)—O for xz € 092, (15.2)

where c(x) > 0 for x € Q and f are non-negative in Q. Then w > 0 in Q and w > 0 in Q unless
w = 0. In particular w > 0 in Q, if f #£ 0. Suppose that w attains a non-negative maximum at
x=ux9 € Q. Then

f (o)
w(zg) < (7o) (15.3)
In general, for all x € Q,
[f)
0<w(z) < 21618 [c(x) } (15.4)
O

Proof The proof follows from the fact that, thanks to boundary condition (15.2), the constant func-

. _ f(z)
tions w = 0 and W = sup,¢q {%
[29, section 3.2]). The positivity of w(-) in Q follows from [29, Lemma 4.2, section 1.4]. Also, (15.3)

follows from the proof of inequality (1.5) in [24, chapter III]. O

} are respectively sub and supersolution of Eq.(15.1) (see, e.g.

Below, we will also use the following generalization of Lemma 15.1 not assuming the non-negativity
of the function f.

Lemma 15.2. Let the assumptions of Lemma 15.1 be satisfied except for the assumption that f(-) > 0.
Then
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;Ielg [Jcc((zyj))] < w(zx) < sup [f y)} (15.5)

15.1.1 The uniqueness of solutions

Lemma 15.3. Positive solutions to problem (15.1)-(15.2) are unique.

Proof Let r € C1(Q) and r(z) > 0 for x € Q. Consider the eigenvalue problem:

(L —c(z)+ Ar(x)p=0 (15.6)

for ¢ satisfying homogeneous boundary conditions. By means of Theorem 1.2 of chapter 3 in [29] and
the assumption c(x) > 0 for € €, the principal eigenvalue \*, i.e. the eigenvalue A(r) satisfying
Eq.(15.6) with the smallest real part, is real and positive \* > 0. Moreover, the corresponding
eigenfunction ¢* is positive in Q. Finally, using Theorem 3.2 of chapter 3 in [29], and noting that
the upper solution and lower solutions can be taken in the form K* > 0 and (—K*) < 0 respectively
satisfying

K* > sup [‘z((;c))}

we conclude that solutions to problem (15.1)-(15.2) are unique. O

e

Remark Lemma 15.3 can be also proved straightforwardly by means of the maximum principle applied
to the homogeneous equation Lw = 0. (Any extremum cannot be attained at the boundary, unless
w is constant, which for ¢(x) > 0, must be equal to zero. On the other hand and internal extremum
must be also equal to zero.) O

Below, we will extensively use the following differentiability property for linear elliptic second
order equations. This theorem is provided by general Schauder estimates in [1]. (See Theorem 7.3 for
U=9.)

Lemma 15.4. Suppose that Q is bounded open subset of R™®, mq > 1, 1 > 2 and that 0Q € C'*+8
for some B € (0,1). Suppose that the coefficients of the elliptic operator

2 0? 2 0
L= Z aij(x)m +;bj($)£j —c(x)

ij=1

have their CU=248 norms bounded. Suppose that U satisfies the system

LU =F(z) inQ (15.7)

n(x) - VU = ®(x) on Q. (15.8)

Then U satisfies the estimate

1Ulcr+8(0) < Cr (IFllci-2+5) + |@]lct-1+5(00) + [IU]lco@)) -

The term ||U||co(q) can be omitted if the homogeneous problem has no nontrivial solutions.

Remark Similar estimate in the case of Dirichlet boundary conditions is given by inequality (1.11)
of Section 1 of ch. 3 in [24]. ]

An L, version of the above property is given by the following lemma.

Lemma 15.5. (Theorem 15.2 in [1]) Suppose that | > 2 and that 9Q € C'*P for some 3 € (0,1).
Suppose that the coefficients of the elliptic operator L have their L'=2 norms bounded. Then, for any
p>1:

10wy < Co (IF -2 + 1@ llwis-crmom + [Ullcoe )
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where the constant C; does not depend on the functions F, ® and ug. The term with ||U|co can be
omitted, if the corresponding homogeneous problem (with F = 0) has no nontrivial solutions.

Similar property concerning linear parabolic equation is given by corresponding Schauder esti-
mates.

Lemma 15.6. (See, [23, Section IV, Theorem 5.3]) Let Q is bounded open subset of R™® and

mo 82 mo 9
i,j=1 j=1

Let T >0, m > 0 be a non-integer number, 9Q € C™+2, and the coefficients of the operator L belong
to the class C™'>™(Q). Then, for any f € C™?™(Q), and ¢ = U(o,z) and & € C™1(9Q), which

1
satisfy compatibility conditions of order [%} , the problem

% =Lu+ f(t,x) in (0,T)xQ

u(0,2) = ¢(x) in

n(z) - Vu=®(x) on 0N

has a unique solution from C'F™/22+M(Q) satisfying the estimate

ullgremszarm < e ([[fllgmrmmo,rxa) + 16llcmiz@) + 1@llem+ron)) »

where, for given T > 0, the constant ¢ can be taken as independent of t € (0,T).

Remark In the case of homogeneous Neumann boundary conditions, that is to say, for & = 0, the
compatibility conditions mentioned in Lemma 15.6, and defined explicitly before Theorem 5.1 in
Section IV.5 of [23], are satisfied. O

16 Discrete-continuous numerical scheme for the simplified
system

As we mentioned above, we propose a modified version of the numerical scheme (14.1)-(14.3). In this
section, to get a preliminary insight into the properties of the considered system, we will put aside
the proposed numerical method, discrete in the variables ¢, T} and Ty, and replace it by the iterative
system (16.5)-(16.7). Instead of considering the complicated convective term, we will mimick it by
adding appropriate terms proportional to R and the components of VR. We will assume that these
terms are equal identically to zero close to the boundary of Q (see Assumption 16.2). For simplicity,
we will also change the notation and denote v and 5 by v and é. Thus, below:

2c} ~ Ty -
W(C%vcg7T1) = vy = — 2 :Py(c’ill7ci817T1)7
il T A i+ /e (16.1)
o(cg, Ts) :==1— 52@ = 0(cg, Ts)-

For simplicity, we have also denoted ds := 55 in the definition of the function §.

In this part, we will deal with the further simplified system, which differs from (1.11)-(1.13) only
by replacement of the non-local (integral) term by a given function of R and the components of VR.
We will thus consider the system:

55



OR 9 .. .

B =0nV R~ g (el e T R) — g (0(ck, To) R) (R CFy(t,z,Th, Ts) — Fo(t,z) - VR)
(16.2)

Ot o 5 [T [T —

ot =V} +v cg RdTy dTg — cf (16.3)

ocg 9

g =V Cg + ,U c1 RdTy dTg — 71'8 CS (164)

To study the above system, we will use the following recurrence scheme:

3 a U2 — ul a Ut — 1
dRV2R — {Rl [6T1 (’y(cl* Lt Tl)) 5 (5(%* L Tg)) + A - DAL, T, Th) + 1

i—1 1—1 _i—1
R (xy7m ", Tg

) _ Ryi- 1)At,x)-VRi} =0

At
(16.5)
a u; 7 . P
gl = g u/ / STy RV ATy dT — ¢ for t € ((i — 1)At, iAt] (16.6)
8 w3t y ~ [e%s}
% _ Vieg' + ,u/ / AT RV ATy dTg — c'mg for t € ((i — 1)At, iAt] (16.7)
o Jo
As in the previous scheme, for each z € Q, TZ L T§71 are computed from the equations:
Ty — Ti71 uji— Usi—
BT e ), @), ), (163)
TS - Z ! uji—1
7& = d(cs (@), Ty). (16.9)

For all the considered i > 0, we assume that the functions R’, ¢}"* and ¢i" satisfy, according to a
(1.5) and (1.6), the homogeneous Neumann boundary conditions.

In Eq.(16.5), ¢*°(2) = ¢4 (2), ¢4, (z) = ¢ (z), whereas for i € {1,...,n+ 1} we denoted:
ANy = (- DAL ), e (x) = (i — 1)At, x). (16.10)

In Egs (16.6)-(16.9), for ¢ € {1,2,...,n + 1} we denoted:

usi—1 usi—1
A (@) = G @ simigy o G (@) (16.11)
T+ @)+ e @) T+ar (@)

Eqgs.(16.6),(16.7) are solved sequentially on each of the interval [(i — 1)At,iAt) by assuming the
initial conditions at t = (i — 1)At:

(-1 Al ) = ()AL D) = G @), @ (- )AL ) = (-1 At 2) = 6 ).
(16.12)

16.1 Main assumptions

Below, we will suppose that the following conditions are satisfied.
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Assumption 16.1. Q is a bounded domain (open and connected) in R?, with the boundary 89 of
C3+P class with 3 € (0,1).

Remark In general, the analysis which is carried out below hold also for Q@ C R™?, with mg > 1. O

Assumption 16.2. The function Fy : [0,T] x Q x R? — IR is of C' class with respect to t and all of
its derivatives up to the order of 4 with respect to the components of x and (11,Tg) are continuous and
bounded. Let ||F1|| denote the sum of the suprema of |F1|, |F1,| and all the derivatives with respect to
the components of x and (T1,Ts) up to order 4. Let

fr=[1Fa-
The function Fo = (For, Foa, Fo3) : [0, T] x Q +— IR? is of C’f’j([O,T]) class. Let

fo:= Follot go.1y @

There exists a number & > 0 such that Fy(t,xz, Ty, Tz) = 0, Fo(t,z) = 0 for all (t,T1,Ts) € [0, T] x IR?,
if only dist(x,00) < 4.

Note that the last assumption is in accordance with the cutting off properties of the function ¥
in definition (1.7). Additionally, we assumed that the function Fj does not depend on T7,Ts. This
assumption significantly simplifies the problem of obtaining ’a priori’ estimates.

In our analysis, we will fix finite T > 0 and consider the above scheme for t € [0,T], and i € {1,n},
with n sufficiently large, and At satisfying the condition

T = nAt. (16.13)

T
It means that n depends on At, n = n(At) = AL
Remark The right hand side of Eqs (16.6)-(16.7) depend on the function R‘~! which, in general, is
discontinuous as a function of the index ¢ — 1. However, on each of the open set ((¢ — 1) At,iAt) one
can treat these equations as a system of two parabolic equations depending in a non-local way on the

function R~!(x), which is smooth with respect to = € Q. O

Remark Due to the uniqueness of solutions to the considered parabolic initial boundary value prob-
lems, we can treat Eqs (16.6)-(16.7) as defined on the whole of the time interval [0, T']. In this approach,
let us define:

At z) = inc?;i(t,x), cg(t,x) = incg;i(t,x) (16.14)
i=1 i=1
where x; denotes the characteristic function of the interval [(i — 1)At, iAt). O

From the definition (16.8)-(16.9) we can extract a simple fact, which will be the basis of our
estimates below.

Lemma 16.3. Suppose that the functions ¢~ '(-) and ¢’ '(:) are of CY(Q) class. Then, for k €
{1,2,3}, i ={2,...,n+ 1} and all At > 0, we have for each fixred Ty and Ty:

ori Tt a1 (e (@), e (@), 1)

= = At
oxy, oxy, Oxy, 7
S W (O YR
8xk o &rk o 8xk '

These derivatives are thus of the order O(At) as At — 0 and of class CO(€2).

Likewise, if the functions ¢~ ' (-) and ¢z~ ' () are of CP(Q) class, then the p-th order derivatives
of Ti=1 with respect to the components of x are of class C°(Q) and are products of At and functions
independent of At.
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Our analyses are based on the assumption of smoothness of the initial data as well as of the
compactness of the initial data with respect to the variables 77 and Tg. In reference to system (16.5)-
(16.7), this assumption can be expressed in the following form.

As in section 3 (see (3.2)), let us define

IPTi:: {(r1,rs) €IR*: 11 >0, r5 > 0}.

Assumption 16.4. Suppose that:

1. R € C*(Q x RY) is compactly supported, with the support contained in Q x [0,TP,] x [0, T3,]
and that Rg satisfies conditions (1.18)

2. ¢}0,c4? e C(Q)

3. Rz, Ty, Tg) > 0, ¢}°(x),c§"(x) > 0, for all (x,T1,Tg) € IQ x R2.
Remark The smoothness demands of the initial data RC, ¢'*, cg;o
obtaining a priori estimates used below, which are established by consecutive differentiation. a

are implied by the method of

16.2 Description of the method of proving the existence of solutions to a
variation of system (1.11)-(1.13)

The solutions to system (16.5)-(16.7), (16.8)-(16.9) will be used to obtain solutions to system (1.11)-
(1.13) with the term V - (RK(R)) replaced by the term (R - Fy(t,z,T1,Tg) — Fo(t,z) - VR). By this
replacement we fix our attention on the problems connected with the lack of diffusion terms of the
variables T} and T, and put aside the difficulties connected with the term V- (RK(R)). These issues
have been undertaken and, at least partially solved, for a scalar equation corresponding to Eq.(1.11)
T (yR) and aiTS (6 R) are not
present. Below, by studying the properties of the numerical scheme (16.5)-(16.7), (16.8)-(16.9), we
will be interested in establishing the existence classical solutions to system (16.2)-(16.4).

The method of proving the existence of solutions to system (16.2)-(16.4) is based on deriving a
series of a priori estimates for solutions to system (16.5)-(16.7), (16.8)-(16.9), i.e. the functions R,
i, cg;i in the spaces of differentiable functions. According to this, we estimate the derivatives of the
functions R’ both with respect to the components of the space variable 2 as well as with respect to
T and Tg. These estimates stay bounded for all ¢ and keep their validity for At — 0.

in the papers [9], [10], where in contrast the hyperbolic like terms

In the preliminary step we modify the function v in the region 7" < 0. The objective of such a
modification is to guarantee that the support of the functions R’ does not contain points (z, Ty, Tg)
with negative values of T7.

Thus in section 16.5 we establish a priori bounds of the absolute values of the functions R’. These
bounds can be found due the appropriate structure of the function § and the modified function =,
implying agreeable properties of their derivatives (examined and listed in Lemma 16.7). An additional
assumption necessary to establish the bounds for R’ is the non-negativity of the functions ¢, ¢i'.
However, this feature is inherited at every step of the iterative sequence, so is implied by the initial
data. In the same section, using the properties of the functions v and ¢, we find the bounds for the
increase of the support of the functions R? with respect to (T3, Ts) (see Lemma 16.9). In the next step,
we examine differential properties of the functions ¢} and ¢§ defined in (16.45) as functions of ¢ € [0, T

Ct(,l;ﬁ)/Q’HB class, i.e. they are Holder

and z € . Interestingly enough, these functions are of
continuous in ¢ with exponent (1 + 3)/2, 8 € (0,1), and have continuous in ¢ first derivatives with
respect to x (see Lemma 16.11). Having the uniform (with respect to ¢) boundedness of the functions
¢ e in C1(Q) norm, which can be obtained only on the condition that ||Ri||co is uniformly
bounded, we can establish the uniform boundedness of the derivatives of the functions R*. In section
16.8 we find the estimates for the first derivatives of R’ with respect to T}, I = 1,8, in section 16.11 the
second order derivatives R, , whereas in section 16.12 for the third order derivatives R%‘FszTp' In
sections 16.9 and 16.10, we obtain the estimate for the first order derivatives of R" with respect to the
components of x. In section 16.14 we find a priori estimates for the mixed second order derivatives of
the form R. ;. . The bounds of the first derivatives R%, and R, allow us to prove Lemma 16.12. By

means of these estimates, in section 16.15, we are able to analyse the difference between the functions
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corresponding to subsequent values of i. To be more precise, we analyse the functions Z* = R? — R*~!
and the functions H Jl = RiTj — RiTzl. This result empowers us to demonstrate, in section 16.16, the
uniform with respect to i boundedness of C1*# norms of the functions R’. Using the last conclusion,
we show in section 16.17 the higher order differentiability of the functions ¢! and ¢, in particular
the fact that the differences between the corresponding derivatives of these functions with respect to
the components of x on adjacent intervals, i.e. [(i — 1)At,iAt] and [iAt, (i + 1)At] are of the order
of O(At). This finding is crucial to obtaining in section 16.18, estimates of first order derivatives of

i—1

Z' with respect to ), together with the differences of the mixed second derivatives R;ij - R, 1

and bounds for the C27# norm of R? in section 16.19. In the same section we use the refined version
of the Gagliardo-Nirenberg inequality from [4] and obtain additionally some Holder estimates for the
derivatives of the functions Z?. Finally in section 17, using the functions R’ ¢¥ and c¥, we construct
an approximate solution to system (16.2)-(16.4) and consider its convergence to a classical solution as
At — 0.

The method of the existence proof can thus be displayed schematically in a graphical form as
below.

1 Subsection 16.3. Modification of the function v aimed to guarantee that R(t,x,T1,T5) =0
in the region {(71,Ts) : T3 < 0V Ts < 0} (proved in lemma 16.5).

2 Subsection 16.4. A priori bounds of the functions v and § and their derivatives established
in Lemma 16.6 and Lemma 16.7.

3 Subsection 16.5. Estimates for the upper bound of the function R’ for sufficiently small
At > 0.
(Based on 2.)

4 Subsection 16.5. Estimates of the support of R with respect to (71, Tg).
(Based on 2 and 3.)

Ct(’1x+ﬁ)/2.,1+ﬁ

5 Subsection 16.7. Estimates for the upper bounds of the norms of the functions

n n
At,x) = inclf;i(t,z), and cg(t,x) = incg;i(t, x)
i=1

i=1

(Lemma 16.11). (Based on 3 and 4.)

6 Subsection 16.8. A priori estimates of the first derivatives of the function R(x, Ty, Tg) with
respect to T,,, m = 1, 8.

7 Subsection 16.9. Interior estimates of the first derivatives of the function R'(z,Ty,Ts) with
respect to x,., r = 1,2, 3.

8 Subsection 16.10. Estimates of the first derivatives of the function R*(x, T}, Tg) with respect
to z,, r = 1,2,3, at the boundary of Q. (Based on 6.)

9 Subsections 16.11 and 16.12. Estimates of the second and third order derivatives of functions
R¥(x, Ty, Tg) with respect to 71 and Tg. (Based on 6.)
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10 Subsection 16.13. Estimates of the mixed second order derivatives of function R!(z,T1,Tg)
with respect to z, and T, for r = 1,2,3 and m € {1,8}. (Based on 6, 7 and 8.)

11 Subsection 16.14. Estimates for the mixed third order derivatives of R, 5, (z,T1,Ty).

12 Subsection 16.15. Estimates of the differences Z; between the functions R’ corresponding
to subsequent values of 3.

13 Subsection 16.16. Estimates of C1+# norms of the functions R':
IR lor+s () < Cig-

(Based on 12.)

14 Subsection 16.17. Estimates of higher order derivatives of the functions ¢’ and ¢§* on the
subintervals [(i — 1)At, iAt]. (Based on 13.)

15 Subsection 16.18. Estimates of the first derivatives of the functions Z¢ with respect to zy.

16 Subsection 16.19. Estimates of C2*# norms of the functions R’:
IR |c2+6(0) < Cag.

These estimates enable us to use the refined version of Gagliardo-Nirenberg inequality to obtain
Holder estimates for the derivatives of the functions Z%. (Based on 15.)

17 Subsection 16.20. Estimates of the differences Z? — Z?~! via a version of the Gagliardo—
Nirenberg interpolation inequality. (Based on 12 and 15.)

18 Section 17. Convergence of the approximate solutions to solutions to system (16.2)-(16.4). ‘

16.3 Modification of the function v

To begin with, let us note that, from the biological point of view, the probability of finding cells char-
acterized by negative values of T7 and Ty should be identically equal to zero, i.e. R(t,z,T1,Tg) =0
for (t,z) € [0,T] x Q, if only Ty < 0 or Tx < 0. In general, the support of R with respect to T} and
Ts can change during the evolution, and after some time comprise points with negative values of T}
or Tg, even if such points are outside the support of R for ¢t = 0.

According to the form of the function 8, for At > 0 and all ¢! such that @&, < &' '(z) > 0
for x € Q, we have, for each i € {2,...,n},

TS (52 o
1+cg,

02

Ta N ew N (2), Ty) < Ty — At + At T
8%

T8<1+At >7At

hence

Tsiil(x,Tg) <0

if Ts < 0 independently of At > 0. As it will be shown in the proof of Lemma 16.5, this inequality
implies that R~ (z, Ty, Tg) = 0 for all Ty < 0, if only R(x, T, Ty) satisfies the same condition.
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However, to guarantee that our numerical scheme implies the similar property with respect to the
variable T}, we will consider system (16.5)-(16.7) with appropriately modified function ~.

Let
e :’y'\I]’y(Tl),

where

0 Ty € (—o0, —1/23]

— U, (Ty 4+ 1/2¢1) _ 5
V(1) = - S Ty € (=1/26¢,—1/4¢ (16.15)
U, (Th +1/2¢1) + ¥, (—1/4¢, — T) 1€ (=1/261,-1/4c1)
1 T, > —1/4&,

and U,(s) is given after (1.8). As a result, the function v, is smooth everywhere in the region
{(c¥,c¥,Ty) : ¢} > 0,¢f > 0,7y € R}. Next, we will show that for such a modified function
v = 7., we can find a global estimate of the maximal values of the functions ¢} (¢,x) and (¢, z)
for (t,x) € [0, T] x . This will imply that the function ~, is bounded for all (¢,z,T}) € [0,7] x Q x IR.
Consequently, in this set

N, Ty) = T) — v.(x, Th)At, (16.16)
where by 7. (z, T1) we denoted . (¢t (), i~ (x), T1). Due to the form of 7., v.(z, T} = 0) = 0
Tli_l(il,', Tl) — Tl = 7’}/*7T1*T1 At,

where Ty, € (0,71) for Ty > 0. Now, due to the estimates provided by Lemma 16.7 (see (16.22))
below the derivative of v, with respect to T3 is uniformly bounded, i.e. | — v« 1| < Ci4, thus for

1
At < 20, we have for T > 0:
i—1 1 1
Ty (.’E,Tl) >1Th — §T1 = §T1 > 0. (1617)
1
Likewise, for T < 0, we have for At < 50 by means of (16.16):
1y

; 1 1
@ h) < T+ 5|7 = 5T <0 (16.18)

It follows that for At > 0 sufficiently small the regions 77 > 0 and T} < 0 do not mix under the action
of system (16.8)-(16.9). In view of the above, the following lemma holds.

Lemma 16.5. Suppose that for all i € {0,1,...,n} and all (t,z) € [0,T] x Q the functions ¢ (t, x)
and cg’'(t,x) are non-negative and uniformly bounded in their absolute value by a (finite) constant.
Suppose that R°(z, Ty, Tg) = 0 in the region {T1 < 0}U {Ts < 0}. Then, for At > 0 sufficiently small,

R'(x,Ty,Tg) =0 for alli € {1,...,n} in the region {Ty < 0} U {Tg < 0}. (16.19)

Proof The proof follows by induction. Thus, suppose that, for i € {1,...,n—1}, R (2, T1,T3) =0
in the set {7} < 0} U {Ts < 0}, hence by what was noted above, in particular, by (16.18),

R=Yax, " (x,Ty), 7, (x,Ts)) = 0. Then, by means of estimate (15.4) in Lemma 15.1 and the
subsection 15.1.1, Ri(x, Ty, Tg) = 0 in the region {T} < 0} U {Tg < 0}. O

Lemma 16.5 implies a strategy to guarantee that R(¢,x,T1,Tg) = 0 in the region {(T1,Tg) : T1 <
0V Ts < 0}. Then, due to the fact that the modification of  takes place in the region {77 < 0}, we
will be able to conclude that we have obtained a solution for the system with non-modified function

Y.
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16.4 Properties of the function 4 and the modified function ~,

As it is seen from Eq. (1.11), crucial for the analysis of the considered system are the properties of
the functions ~, and §.

Lemma 16.6. The values of the functions v and § are bounded from above and below for any compact
subset of the set {(T1,Ts, Y, c¥) : (T1,Tg) > 0, (¢}, c¥) > 0}. Given the values of ¢} and c§

5(Cg,Tg) <0 for 0,73 > (]. + Cg)

Similarly,

{0 (2cf — Crva)(ct + fef +1) !
7 e

ana”% fO’I" all (TI,Tg,C%,Cg) € {(TlaT87071L7078L) : (T17T8) >0, (leacg) > O}; we have:

ve(ct,cg,T1) <0 for 71 > max

Yu(ctyeg,T1) <2 and d(cy,Ts) < 1. (16.20)

Next, the following lemma holds.
Lemma 16.7. For c§ >0

1

0
76(6371—‘8) = 752 1 + cu
8

0Ty

<0. (16.21)

The partial derivative

8 u u
87111’7*(0176871—‘1)

is bounded from above and below uniformly with respect to (Ty,Tg) € IR? and (c¥,c¥) > (0,0), i.e.
there exist finite positive constants A_ and Ay such that

0
—A_ S Tﬂv*(c?,Cg’Tl) S A+ (1622)
and
82
—A_ S WV*(C?7C7§7T1) S A+ (1623)
1
Also,

32
7(52 T8 S aic,g(s(cg,Ts) < O,

(16.24)
i o(cy, T 0
—0y < ————0(cy <
2 < g, (5 T8) <0
and there erists a non-negative constant M, depending on c1, f, and 2, such that
8 U U a U U
—MTy < —7.(ct, g, Th), ==7«(c},c5,T1) < MTy (16.25)
ocy ocy
2 82
- < 5 s ua uaT Y A ua x uv u7T S 16.26
> 8011‘8T17 (cf,cg, 1) acgaTﬂ (cf,c8,T1) <M ( )
together with
33
- S sam a7 = u’ uaT < ) k7 :1787
M Geageron, A& T) <M km
o2 (16.27)
-MT; < MV*(C?vcgvTﬁ <MTy, k,m=18,
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and

3

—2< —9
~ 0c§Oocy 0Ty

(cg,Tg) < 0. (16.28)
for all non-negative Ty, Tg, ¢} and cg.

Proof The proof follows from straightforward differentiation. For example, we have:

u 264C (¢} + fei +1 1
Yalct us, Th) = = ul 1l 1u : u) 2 2 a u
0Ty (C1(ct + feg + 1) + 1) A+ feg+1

from where follow the first two claims of the lemma. The remaining statements are proven in the
similar way. O

16.5 Estimate of the upper bound of the functions R’

Let us start from deriving an estimate of the norm ||R| =, i = 1,...,n, where

HRiHLw = sup |Ri(l',T1,Tg)|.
z€Q,T1ER,Ts€ER

These estimates will be obtained by means of Lemma 15.1, hence the sine qua non property of
system (16.5)-(16.7) allowing for their establishing is the boundedness of the expression

8 wyi—1  wuji—1 a u;r—1 .
[aﬂ(v@l* ATNT) g (T T) + A6 - DAL T T)

for all (t,z) € [0,T] x Q and all non-negative values of ¢~ ', ca* ™' T}, Ty.

Remark Below, for simplicity, we will denote the function v, by ~. O

Lemma 16.8. For all sufficiently small At >0 and all i € {1,...,n}

1R 1w € N e < 5 R exp( i) (16.20)
where ’
A=—A_ —0s— f1— (16.30)
with A_ and 2 defined in Lemma 16.7 and
fio = inf Fi(t,x,T1,Tg).

te[0,T],2€Q,T1 €ER,TRE€RR

Proof By means of Lemma 16.7 and the fact that the parameter At can be taken sufficiently small,
we can derive, using Lemma 15.1, the following recurrence inequalities:

: [ R | /At
RY|jeo < -—— 1= 1=~
| Rz~ < AL 4
hence
; [ R Lo~
o < 2=
1B N~ < 5777

By composing the above inequalities for ¢ < n, we obtain

[0 o<

Hlpoo < -2
IRl < =y

Thus for ¢ = n and with n sufficiently large
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R IRl 30
™| oo < = - o AnAt). 16.31
IR o < Gy L < B o exp(AnAt) (16.31)
(1-—A—)n
n
It follows that for At > 0 sufficiently small:
i 0 1 3110 .

1B |z < 1RV poe —————— < 5 [|R7]| L exp(AiAL). (16.32)

(1 =AD)m)”
O

Remark Let Ny := AT and let, for N 3 n > [A,], R 3 &k, :=n/Na, where [N4] denotes the least
integer that is greater than or equal to N4. Then

Na
1 1

(1_A.,TT)n = ( 7L)Hn

Kn

It follows that to analyse the left hand side of this relation it suffices to consider the sequence inside
the square bracket at the right hand side. We have

log <(1‘1§)y> — log ((yfyl)y) = ylog (1 + y;) .

As the Taylor expansion of log(1 + z) around z = 0 is an alternating series with the first element
equal to z, then, according to the Leibniz theorem for alternating series, its sum is smaller than z. It
follows that the last expression is smaller than

Y T It follows that for every W > 1 there exists y

so large that

Ll <log(W + exp(1)) = log(W) + 1.

This holds for y > 1+ 1/log(W). Consequently, for x, > 1+ 1/log(W)

and

Suppose that

WNA < my. (16.33)
n our choice my = . en < (mgy Fa and log(W) < log(ma)/Na, hence
I h, 3/2.) Then W Na

Na

>14+ 2
= og(ma)’

SO

n:{NA.nnbNA-(Hlogj(v;w).

Note, that we can also write

WA exp(N4) = exp (NMa(l + logWV))) < exp (N4 + log(ma)).
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Lemma 16.8 will be the basis of our subsequent estimates.

16.6 Bounds for the evolution of the support of the function R!

To proceed, let us consider the increase the support of the function R’ with respect to T} and Ty in
subsequent iterations. Let us denote

Supp;(Ty,Tg) := UmeQSuppri, (16.34)
where
Supp, R := {(T1,Ts); (x, T1, Ts) € SuppR'}
and SuppR’ is the support of the function R’ in the space Q x IR%. The following lemma holds.

Lemma 16.9. Suppose that, given i > 1, for all z € Q we have R*(z,Ty,Tg) = 0 for Ty > Ti™*
and Ty > Tg™*. Then R (2, T1,Tg) =0 for 0> Ty > T} =T +2At and 0 > Ty > Ti = T~ 4 At.

Proof By means of Lemma 16.7, for At > 0 sufficiently small, the expression inside the square bracket
multiplying R’ in Eq.(16.5) is positive in 2, so by Lemma 15.1, we conclude that R*(x,T;,Tg) = 0, if

R w77 2, Th), 7 (2, T)) = 0
for all z € Q. By (16.20), we have

Tf71($,T1) =T — ’Y((E,Tl)At > T, — 2At

SO
N e, Ty) > T for Ty > T 4 24t
Likewise,
o N, Tg) > T for Ty > Tet + At.
The lemma is proved. g

16.7 Estimates of the a priori bounds of the functions ¢! and c;"

For each = € ), we thus have, according to (1.14) and Lemma 16.9

fooo Ooocgfing Rt dTy dTg < ||R271|| ffSuppi,lTS dTy dTg <

< RTHN (TR0 + 26 — DAL - (T, + (i — DAL)?/2 =

(16.35)
= — Wi (TY,, T, (i — 1)At) = K|
(1— AAt)—1 e
and
fooo fOOOCZi;lTl R! dTy dTg < ||Ri71|| ffSuppi,lTl dTy dTg <
< RIY(TE, + 20— DAY?/2- (TS + (i — DAY = (16.36)
= — W(TY,, T2, (i — 1)At) = K
(1— AAt)—1 e 8
where || || = ||  ||zee. In (16.35) and (16.36), in accordance with the definition (16.34)
T, = sup Th, Tg := sup  Tg. (16.37)
Suppo(T1,Ts) Suppo(T1,Ts)
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Using the inequalities (16.35) and (16.36), we will find a bound for absolute values of the functions
" and ¢ on the interval [(i — 1)At,iAt] for all i € {1,...,n}. These estimates take into account
Lemma 16.5 and the inequalities preceding this lemma, where we assumed the non-negativity of the
functions qum' and cg;i. The non-negativity property is inherited by the functions with index ¢ > 1
from the functions with index i — 1 via the relation Supp;_1(T1,Ts) C IR? (see (16.34)) implied by
Lemma 16.5. In view of this, let us note that, given non-negative cql“i_1 and cg;i_l, the equations for
" and ¢ can be written as

det!
dt
with the function Ci () > 0 given. The function ¢’ determined for (¢, sc) [(i—1)At, iAt] x Q, satisfies
homogeneous Neumann boundary conditions and initial condition ¢**((i — 1)At,z) = (i —
1)At,z) > 0. Thus, according to (16.35) and the theory of sub- and supersolutions, the function
¢ = 0 is a subsolution, whereas a supersolution to Eq. (16.38) on the interval [(i — 1)At, iAt] can
be chosen as the solution to the ordinary differential equation of the form

= V2 4 U ClH(x) — (16.38)

dc}“i
dt
where K{~' is defined in (16.35). Let us note that the solution to the equation

=K -t (16.39)

d
6= Twie +woK, c(tg) =co > 0.

equals

c(t) = % (1 _ e—wl(t—to)) K+ e_wl(t_to)CO.
w1

It follows that for wy > 0, we > 0, ¢g > 0 and t € [tg, tg + At) we have

c(t) < L2 (1 — e*“’lAt) K+ e @1t=10) e < wo ALK + efwl(tft(’)c(to)
w1

and
c(to + At) < W AtK + e “18%¢(ty).

It thus follows that, for i =1,...,n+ 1,

IR

< e A e + At oW (T, TS, (i — 1)At)m

| (16.40)

By putting consecutively the estimate for ||¢* || into the estimate for ||c!”||, starting from j = 1

up till j = ¢, we obtain

u;t —1 u; - ~ . ||ROH
e < e Y _pA WAL, TR, (= DA) = g S
j=1
—iAt|| ;0 W T0 10 i — 1At HR || At <
e Bt + PWATEL TR, = DAY = g e 12
eIl 0| + iAt W (T, TY At)i‘lRO” .
1 Lo L8 (1_AAt)Z_1

Let us note that for all At > 0 sufficiently small (so, due to (16.13), for all n sufficiently large), we
have

(1= AApt ©2°

hence, by means of arguments leading to (16.32), we arrive at the inequality
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;i —i u: 3 . -~ . i
e < e 1 + 5 WAt oWL(TY,, Tg., i) | RO[| e 72, (16.41)

where W1 (T?,, TY,,iAt) is defined in (16.35). Likewise, we have

lleg™ |l < e A ey | + 5 At L Ws(T0,, T8, ist) | R e 2 (16.42)

8
Using the estimates (16.32),(16.41) and (16.42), we can proceed to further characterize the prop-
erties of the functions R?, ¢*" and ¢”. In particular, we can estimate the L> norm of their first

derivatives.

Lemma 16.10. Suppose that for (t,x) € (0,T] x Q, and a > 0, u satisfy the equation

0
a—? = Au—au+ f(t,x)
ou
0 —(t,x) =0 forxedQ, u(0,z)=0¢(x)
and that the compatibility conditions are satisfied, i.e. 5‘% =0 on IQ. Then, for all § € (0,1), the
following estimate holds:
el ggimvassorygy < Co [z~ 0mxy + 19llcza0 (16.43)

with the constant C, depending on B, T' and the parameters characterizing §2.

Proof The estimate (16.48) is a particular version of Theorem 6.49 of section VI in [25]. (Note that
f € L>*(Q % (0,T)) belongs also to the Morrey space M1 14m+3-) O

Remark Let us comment on the membership of the function f € L (2 x (0,7)) in the Morrey space
M 14m+p. According to the definition given before Theorem 7.37 in [25], the Morrey space MP:9,
€ (1,00), ¢ <2, can be defined as the subset of the space LP with the finite norm of the form

g = s ([ [ppax).
Q(r),r<diamQr Q(r)

where Qp = [0,T] x ©Q and
1X | := max(|«], |¢]'/2)

with

Next (see, sec. 1.3 in [25])

Q(Xo,r) = {|z — zo| <1, |t —to] <r?t < to}.

It follows that as » — 0, then fQ(T) dX = O(r™*?). As f € L*(Qr), then, for all 8 € (0,1),

I £ll1,14m+p < 0o O

In applying Lemma 16.10 to Eqs (16.6) and (16.7), let us note that ¢ can be identified with ¢} i0

and ¢4’°, whereas f : (0,T] x Q can be identified with the functions:

S X [ e T Ty R AT dTs = 0 G [ [T T (6 — 1) At @) Ty R dTy dT

AR [ S T R ATy dTs = DR I ST (= 1) AL, o) Ty R dTy dTy
(16.44)
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where y; is the characteristic function of the interval [(i — 1)At,iAt]. As the integrands in the above
integrals are continuous with respect to 2 on each of the intervals [(¢ — 1)At, iAt], then these integrals
are of L>°([0,T] x Q) class. Let us denote:

ct(t,x) sz cy(t, ) sz (16.45)

where x; is the characteristic function of the interval [(i — 1) At, iAt].

Lemma 16.11. Let n > 3 be fized. Suppose that for each i € {0,1,...,n} and each x € Q, the
C°(Q) norms of the functions R are bounded from above uniformly with respect to i. Then, for each
B €(0,1), ¢} and c§ are of class C’t(,l;rﬁ)/z’Hﬂ((O,T) x Q). To be more precise, there exist constants
C1(8,9Q), Cs(5,9Q), Ky and Kg, depending on T, such that

et gororrzaes (o ryxay < C1(8, ) [Kl + ||C§“0Hc;+ﬁ(g)} (16.46)

and

¥l e /2:+5 0,y ey < Co(B D) [ K + ek lleasoy] - (16.47)
Proof The lemma follows from Lemma 16.10, together with (16.41) and (16.41). The constants K

and Kg can be chosen as independent on n. O

Lemma 16.12. Let n > 3 be fived. Suppose that for each i € {0,1,...,n} the C1(Q) norms of the
functions R' are bounded from above uniformly with respect to i. Then, for each 3 € (0,1), ¥ and
c§ are of class C’Hﬂ/2 2Jrﬁ((( 1)At, iAt) x Q). To be more precise, there exist constants C1(8,Q),
Cs(6,9Q), Ky and Ksg, depending on T, such that

||qu$HC:;B/Q»ZJW(((i_l)AtwiAt)XQ) < ClA(ﬂv Q) [Kl + Hcili((l - 1)At7 ')||C£+5(Q):| (16‘48)

and

HchCt{;ﬁ/“*ﬂ(((ifl)m,mt)xQ) < Csa(B,92) [KS + e ((i = 1)At, ')||cg+ﬁ(g)} : (16.49)

In particular, there exists a constant P independent of i such that as At — 0

e (iAL, ) = er((i = DAL )[[oo) < PAE, - [leg(iAL, ) = cs((i = DAL ) |oo) < PAL. - (16.50)

and for all t € [(1 — 1)At,iAt]:

et (t, ) =ex (=D)AL ooy < P (E=(=1DAL),  [lek(t, ) =es((i=1)AL ) ooy < P (1=(i=1)At).
(16.51)

Proof The lemma follows from Lemma 16.10, according to which ¢} and c¥ (defined in (16.45) ) are
of Ct(71$+6)/2,1+ﬁ((07 T) x Q) class. Starting from the initial data equal to ¢}"* and ¢§° (and assuming

that they are of C§+5( ) class) we obtain a CHW2 218 golution on the set ([0, At) x Q). Treating
1+6/2 2+8

1+6/2 2+

At = At,z) and ¢! (t = At, x) as the initial data on the interval we obtain a solution of C,

class on the set ([1-At,2- At) x Q). Proceeding consecutively in this way, we obtain a C;
solution on the set ([(¢ — 1) - At,i- At) x Q) for all ¢ € {1,...,n}, hence using the Schauder esnrnates7
we obtain inequalities (16.48) and (16.49). As the constants K1 and Kjg can be chosen as independent
on n and 4, then, due to the fact that the time derivative of the solutions is bounded (and Holder
continuous), there exists a constant P such that for A¢ > 0 sufficiently small, inequality (16.50) holds.
O

Remark The following counterpart of inequalities (16.48) and (16.49) follow straightforwardly from
Lemma 16.10:
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chil||C’t(12+5)/2’1+5(((ifl)At,iAt)XQ) < ClA(67 Q) |:K1Ai + Hdll((l - 1)At7 ')||C;+ﬁ(Q):| (1652)

and

HcgHC,E}:/”/Z’Hﬁ(((i—l)At,iAt)><Q) < Csa(B,9) {KSAi + ||eg (i — 1)At, ')‘|Ci+5(9)i| . (16.53)

O

16.8 Estimates of first order derivatives of R’ with respect to 7},

In this section, we will examine the differentiability properties of solutions to system (16.5)-(16.7)
(together with (16.8)-(16.9)) with respect to the variables T7 and Ts. Differentiating Eq.(16.5) with
respect to 177 we obtain for any pair (77, 73):

0 y 0 1
_ 2 Di i u;i—1 uz 1 u;i—1 _ -
0= drV*Bj - Bj [Em (et e T1>)+—8T8 (3™ 1)) + Fil(i - DAL« T T +

R () R - A T )

o7?
] Bi—l i—1 _i—1
+Fy((i — 1)At,z) - VBI + = (wn 1)

At ’
(16.54)
where
IR’
B (I Tl,Tg) 8T (17 Tl,TS)
Recall that, according to (16.8) and (16.9),
i—1 u3t—1 uyi—1
AT =T - At (T @), @), 1)) (16.55)
=Ty — At 6(e T (@), T). (16.56)
It follows that
ot T (@), (@), Ty
oty 8T1 ’
‘ ) ) (16.57)
Orit |, 08T @), ), T)
0Ty 0Ty ’
hence
i i1 _i— OR! i1 i1y om !
B, l(x T 1’7-8 1) = 37_11'_1 (, 1y 1aT8 - a;ﬂl =
OR'! (i (@), i (), Th) 1659
R i1 i1 ci” z),cq.” (x),Th
— [ 1-A¢ * *
o) ot
and
i i1 i OR! i1 iy, ot
Bg 1(3’3 1 1’7—8 1) = F(JJ,Tl 17T8 1)' 8;8 =
(16.59)

OR <1_ ap P @) 1<x>7T8>>.

— \L, T 5 T
1 8
ori! OTy
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Now, let us fix (Ty,7g) and, for given z € Q, (r{',7:7") as well. In this way, we can treat

Bi(-,T1,Tg) and Bi~'(:; i (-, 1), 7o (-, Tg)) as functions of = only. If extremum of the absolute
value of Bi(x,T1,Tg) is attained at y € €, then
VBi(ya Tla T8) = 07

and, due to the maximum principle, (16.58) and Lemma 16.7:

1 1 82 U;T— UT—
|Bi(y7T13T8)| S (Rl(valaTS) ‘W’Y(Cl; 1(y)7c8>;< 1(y)7Tl)+
1

D Ry - DALy T T+ [P LR <_A | 1)1 S

0Ty At At (16.60)
(1) + g+ | AU (g LY
(Ri(valaTS)(AM + fU)A+ By DI+ AAt)) (1-AAL)™,
where
Ay = max{A_, A, } (16.61)

with A_, Ay defined in inequality (16.23) of Lemma 16.7, and A defined by (16.30).

Now, let us suppose that the global extremum of the absolute value of Bi(xz, Ty, Tg) is attained at
y € 0f). Suppose that this extremum is a positive maximum. Then, from the fact that
OR!(x, Ty, Tg)/On(x) = 0, we conclude that

3B{ (JL‘, Tl, Tg)

() =0 forz €0, (16.62)

hence

82Bi(y7 Tla TS) <0
on(y*

as otherwise Bi(z,Ty,Tg) would not have attained a maximum at z = y € 9§2. Next, the Laplacian
of Bi(z, Ty, Tg) for x € 0Q is equal to the sum of the second derivatives with respect to n(z) and the
second derivatives with respect to the directions lying in the plane tangent to 02 at x. This is seen
from the form of the Laplace operator with respect to variables locally connected with 92 supplied
by the Appendix A. Due to the fact that B! has a maximum at x = y, each of these derivatives is
non-positive. It follows that V2Bi(y, Ty, Tg) < 0, hence the estimate of the form (16.60) holds. It
should be noted that, according to Assumption 16.2, in this case the terms proportional to Fj and
Fy do not take part in the estimates, because they are identically equal to zero at 0f2. The same
arguments can be applied in the case, when the extremum is a non-positive minimum.

As we showed above, thanks to the assumption concerning the compactness of the initial data, for
each i € {1,...,n} the points (71, T3) for which R!(z, Ty, Tg) % 0 are contained in a compact set S°.
For all i € {1,...,n}, y = y(T1,Tg), so we can take a supremum over (T7,7Tg) € S*. In this way, we
obtain the estimate for

Bi:= sup |Bi(y(Ty,Ts),T1,Ts)|
(T1,Ts)esS?

B is given by the initial conditions. Next, let us note that, if

L= (1-AAt)"! (16.63)

then

(1+ AAt) < L, (16.64)
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hence, for i > 1 we have,
By < (|RY||Ay(At)+ B 'L) L, (16.65)
where

Af = Ay + f1~ (1666)

In arriving to (16.88) we used the fact that

sup  |BL Yz, 1, ms)| < sup By Nz, T, T))| (16.67)
€N, T1,Ts zeN, Ty, Ts

We have
Bl < (IR A7(AD) + BIL) L.

B < (|R?)|Ap(A) + BIL) L < (R A (A1) + (|RY| A (Af) + BYL)LL) L

so inductively, for i € {3,...,n(At)},

By < BYL* + Ag(At) Y || RI||L20—)H,

j=1

Using (16.31) and (16.63), we obtain

Bi < L2 (BY + Ay (A Sy |RIL-2+1) < 12 (B9 + A (AD] RO ), L3+ <
L2 (BY + Ay (AR -y L3+Y) < L2 (BY + Ay (A0 R])

so consequently, as iAt = iT, we have by means of Remark after (16.32), for At > 0 sufficiently
n

small:
7 3 . 0 Z 3 0 Z
B; < §Af iAt||R”| oo eXp(QAET) + 581 eXp(2AET). (16.68)
Denoting ¢ := iAt, we can write:
i3 0 3 20
By < S At Rl exp(241) + 2B} exp(2At) (16.69)
Likewise, we have the estimate

Bi < gAf iAL|RO|| oo exp(ZA%T) + %Bg eXp(ZA%T). (16.70)

which, after inserting ¢t := iA¢, can be written as:

.3 3
By < SAft|| R~ exp(241) + 5B exp(2A41), (16.71)
where
Bi:= sup |Bi(y(Ty,Tg), Ty, Ts)|.
(Tl,Tg)GSi
with
‘ OR!
Bé(:t,Tl,Tg) = TRCE,TMTS).
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16.9 Estimates of the first order derivatives of R with respect to the com-
ponents of x inside (2

We will start from the estimates of the absolute values of the first derivatives of the functions R* with
respect to the components of = attained inside 2.

Remark To avoid confusion, the derivative of R*~!(z; 7} ! (z,Ty), 7a ' (x,Tg)) with respect to 7, "

) ) koo
k = 1,8, will be denoted below by B;;l(x;T{_l(:c,Tl),Tg_l(x,Tg)), where, for simplicity, we have
omitted the index ¢ — 1. a

Differentiating Eq.(16.5) with respect to @, r = 1,2, 3, we obtain the equation:

i i (9 w;i—1  uzi—1 a u;—1 i — 1
0= de2Q7- - Qr |:8T’1 (7(01; 768; aTl)) + 87/1—18 (5(08* 7T8)> + F11Z ! + E -
; 9? -1 wgi—1 si—1 9? -1 ugi—1 -1

R [7 ( Cu;f ,Cu;z ,T ) Cu;fz + S — ( Cu;z ,Cu:: ,T ) Cu;zr +

0011‘;%18T1 ol 1 8 1) 1%,@, 50’8‘;1718T1 7 1 ] 1) 8%,

82 y y 6F’L'—1 Qi*l(x,Ti—l Ti—l)

( s u’Z_l,T ) wyi—1 1 ] 3T 5T .
8618227182—,8 ( (CS* 8) c8*,xT + &r,« + At + (16 72)
Bil_l(x;Tf_l(val)vTé_l(x7T8)) . 87—{.71 + Big_l(x;T{l_l(x7T1)vT§_1(x7T8)) . 87—81.71

At oz, At oz,
; OR'! OF; ! ,
Fi-l.v 0 _.VR
0 <8xr) + oz, ’
where, for i € {1,...,n},
. OR?
x, Ty, 1) i = —(x,T1, T
Qr(xa 1 8) 6]}7- (l’, 1 8)
and, for simplicity we denoted
Fit = Fy((i — DAt z), F':=F((—1)At 2, Ty, Tg).
According to (16.8) we have:
oot ol T (@), el T (@), Th)
At om Oy -
wyi—1  wusi—1 uyi—1 wyi—1  wuji—1 uji—1 (16.73)
78'7(01; ) Cgs ’Tl) . 861; N 87(01; ) Cgx 7T1) . 861;
aclff_l Oz, 8018?_1 Oz,
and, according to (16.9) :
i — wji—1 T ouyi—1 uji—1
1 Org 1 _ _00(cgy(2), Ty) _ _06(cg; L T5)  Ocg (16.74)

At ox; ox; 8@111?71 oxy

hence (16.72) can be written as
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i i 0 wyi— usi— 0 w;i— i— 1
0= dnV2Qi - Q; [W (e 1) + g (S ) + A 1*&}

i—=1( . i—1 . 62 uyi— uii— usi—
Q (271178 )+{7R1{% (”y(cl* 108* 1>Tl))07 '

At acvi o, b
9? ( 1 1 -1 0? 1 i OF!
- C’U.*l , u*7, , T ) Cu::$ = (6 C’U.*l , T ) C'U,;"Lz + 1 :| 1675
60“ 13T1 ¥ 1 Cg 1) 8%, 80“ 16Tg ( 8 8) 8%, o, ( )
] o . b Cu*z 1 T cu*z 1 ,T
_B'zn_l(x;’rll 1($,T1),7'§ l(xaT8)) : 7( ! ( ()91,5 ( ) 1) -

i i i 55(Cu: 1( ), Ts) i— OR' oF; " i
B,,_sl(x;Tl 1($,T1),T8 1(x7Tg))'86fr}+Fo L.y Tmr + 82‘7« -VR'.

Now, using (16.26) and Lemma 16.11, we conclude that

82 1 1 ;i—1 82 1 1 1
’ acu Ji— 18T1 (’Y(C’LlikZ Cg*l Tl )) cllgl,wr + 6Cu;i—1aT1 (’Y(qu*’b cg*l T1 )) cg*za;, S
1% 8%

M (01(5,9)||c’f;0\|0;+ﬁ(9) + Cs(ﬁ,ﬂ)llcggollcw(m) :

Recall that the constants Cs (3, Q2), and Cs(3,€2) are independent of i, as, in fact, the z-derivatives of
the functions defined by (16.45) are Holder continuous in ¢ for ¢ € [0, T7.
Next, using (16.25) and Lemma 16.11, we conclude that:

8 i— uji—1 T e »
e (xfaf* @ ”\STUM(cl<ﬁ,ﬂ>uc1’0||¢+a<m+cg</3,muc8’°||¢+a(m), (16.76)

where Ty; is estimated from above in Lemma 16.9 as T7, + 2iAt.
The corresponding inequalities for the function § take the form:

‘872 <§(cuz 1 T )) Cuz 1
acgf_laTg 8 8 8%,

< 85 Cs(B, Q)lleg™ | ca+s (g

(see (16.24)) and

‘66( o (2), Ty)
ox,

where Tg; is estimated from above in Lemma 16.9 as Ty, + iAt. Let

‘ < TaidaCs(B, D) el oo . (16.77)

G1 ::M(Cl(ﬂaQ)”C;L;O”c;*ﬁ(g))"_CS(ﬁy Q)lles’ ||cl+5(9))' , Gs = (52 CS(B»Q)||C§;OHC;+/3(Q))‘ﬁ:d

(16.78)

B=
Let
sup Q] = 1Q}]
r=12,3
and
_ ‘Q; ,
for some p € {1,2,3}. Obviously Q' (as well as Q%) are functions of 77 and Tg.

aRi) OF. ™1
+

Oz,

- VR! at a point of the global

Now, the absolute value of the term Fé_l -V < 3
Lp
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%

extremum, where V = VQ! = 0 can be estimated as

Zp
OF!
oz,

In this way we can find an L estimate for the expression in the curly bracket in (16.75) (including
the term OF} ' /0x, with its absolute value estimated from above by f) as:

-VR'| < 3f,Q". (16.79)

[ IR e - (G + G+ 12) + BL - G- (T, + 2088) + BL - G - (T2, +nt), - (16.80)
where G and Gg are defined in (16.78). Using inequalities (16.68), (16.70) we can write
1
. < 24-T
H{ }HLOO < Sq exp( n )
where, for n = T'/At,
3
Sq = §||RO||L°° (G1+Gs+ fi) + b1 Gy - (TP, +2T) + bs Gg - (Tzu + T)
with
_3 0 3 20
by = 2AfT||R ||Loo + 281
and

3 3

Lemma 16.13. Let T >0, s € N and N > n > 1 be fized. Let At =Tn~! and L := (1 — AAt)™!,
A > 0. Then, for all n sufficiently large, we have:

31
. s 2s ns e
on=At(1+L°+L*+...+L )<2—S exp(AnsAt).

Next, for any i <mn,

) 31 ; 31
- 1 s 2s is) « 2 ifn 92— ; )
o i=At(1+L°+L*+.. .+ L") < 2A(exp(AnsAt)) 53 exp(AisAt)
Proof By (16.64), we have L® > (1 + AAt)® > 1 4 sAAt, hence
L(n+1)s -1 L(n+1)s L(n+1)s
_ s 2s nsy) _—
on=At(1+ L+ L*+... L") = At T <A <

Next, for n sufficiently large, we have

(n+1)s _ 1 e 1 v 1 " 1 *_3
! (1—,4:;) (1—AZ) <1—sAT) (1—AT) < g i)

ns n

thus, for At — 0,

31
on <57 exp(AsnAt).

In general, for i < n, we have

1 1 31 .
7 <501 exp(AﬁsT) =534 exp(AisAt).

The lemma is proved. g

Now, recall that by Lemma 16.7 the first two terms in the bracket multiplying Q% in (16.75) are
uniformly bounded from below for all non-negative values of their arguments by the constant (—A).
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In consequence, for fixed ¢ € [0,7] and n satisfying (16.13), it follows from (16.75) by means of

Lemma 15.1, that, for ¢ = 1,...,n, the estimate from above of
‘ . OR'

Q' := sup Q' = sup (z,T1,Ts)|, (16.81)
Ty Ts 2€Q, Ty Ts,r=1,2,3 | 0Ty

in relation to the value of Q! can be written as

i i ,
Qi1 4 SqAt exp(?A;T) . 0i-1 4 SoAt exp(2AT)

A e Sy A VY - A)

where A is defined in (16.30),

Ay = (A+3fo) (16.82)

and Q! corresponds to Q' !(x;7{ ", 7i71). Denoting, similarly as in (16.63), L := (1 — A;At)~1,
we thus have

Q' < (Q°+ SgAtexp(24T)) I,

Q? < (Q' + SgAtexp(24T)) L = ((Q° + SqAtexp(2AT)) L + SqAtexp(2AT)) L =
QL2 4+ SoAtexp(24T) (L? + L*)
and by induction, for any i < n,
Q' < QL + SoAtexp(2AT) (L + ...+ L2+ L').

Using Lemma 16.13 and proceeding as in the proof of (16.68) and (16.69), we can show that for n
sufficiently large (and At > 0 satisfying equality (16.13)), for all ¢ € {1,...,n}, we have:

1

i<7
Q_A1

[\ VV]

Sqexp(2AT + A, T) + ggo exp(41 7). (16.83)

Thus the C! norm of the function R’ can be estimated by the C'} norm of the initial conditions Q°,
where QY is defined in (16.81).

16.10 Estimates of the first order derivatives of R’ with respect to the
components of x at 0}

Let us consider the case when an extremum of the absolute value of the spatial derivative is attained
on the boundary 9. Suppose that in the initial system of coordinates,

= s (|5 0]} = |5 o)

for some r € {1,2,3} and zy € Q. Without losing generality, we can assume that this extremum of

the absolute value corresponds to a positive maximum of th.
OR!

If Z, || n(xp), then
o [ o(ao), then &

= 0. So, suppose that Z, |fn(zg). Let N(zp) := &,. We can decompose

N(zo) = % (n(z0) + 51(z0) + 52(0)) ,

where n(xp) is a unit vector outward-normal to the boundary 9 at x = z¢ and unit vectors s;(zo),
s(zo) belong to a space tangent to 9 at © = xy. By appropriate rotations of the system of coordinates,
we can achieve that n(xg) = &3 and s;(xg) = 4; for I = 1,2. In the (possibly) new system of
coordinates, we have
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N(xo) - (VR")(x0) = % (n(x0) + s1(20) + s2(x0)) - (VR)(20) =
1 . . . . OR* _ OR' _ OR! 1 OR' OR!
%(1‘34-3314—332) (x38$3 +$1a$1 —|—$26w2> = % (3:614—8162) .

It follows that (after appropriate rotation of coordinate system around the axis parallel to #3) it

OR?
suffices to consider the derivative —— with &; L n(z¢) and [ = 1,2. Then

85[;1

0 (RN 9 (RN
31‘3 (3'171 _31‘l 3173 e

o (OR
o (aml) = 0. (16.84)

As we assumed that R’, >0 at x = 2, then

where from we obtain

2
a all S O
0x3
A i
at © = zo. Next, as it was assumed that R, has a positive maximum as x = zo, then 3 oL
' x
OR', '
8 = 0 and the second order derivatives of RZ », With respect to 21 and xy are non-positive. Using
o

(16. 84) and the lemma from Appendix A (with S identified with 9 in the vicinity of z¢), we infer
; OR

that at z = zo we have AR, < 0 and to estimate the value of a—(xo), we can use the maximum
’ x

principle as if 2o € Q. The same reasoning holds if the extremum is a non-positive minimum, i.e.

OR’

x

T

16.11 Second order derivatives of R’ with respect to 7; and 7,

We will show how to estimate the second derivative 92R?/0T?. The other second order derivatives
with respect to T and Tg variables can be estimated in the similar way. Differentiating the both sides
of the equation (16.54) with respect to 77, we obtain

) 3 a U3 — U’L 8 U1 — - 1
0= drV2Bi, — Bi, [a:rl (v e m)) + T (8™ 1)) + Fil(i = DAL 2, T, T) + 1

0? w;i— w;i—
2Bl |:3T2 (’Y(Cl* 1’ gl 1 Tl)) 9T i((l— 1)At X Tl,Tg):|

0?Fy

R g (v ) + 0

577 (1= )AL 2,71, Ty)|
BiTY(x; i, 78
4 11 ( 1 8)

At + FO((Z_l)Atwr)VBila

(16.85)

where

OR? ; R’

B (.’IJ Tl,Tg) 8T (.’17 Tl,Tg) and Bil(x,Tl,Tg) =

The term Bj; ! (x, 717!, 7¢71) is defined as:
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By (i) = By (e (e ), (0, Tx)) =

R ) = (aRFJ@:ﬁlﬁﬁ. 1_At&ﬂ451@%c&i“w%ﬂJ>>:

a7 ) =am o

2
oti

8R"*1 . i
At Tﬁ(l‘,’r{ 1,7'8 1)

1 RS ut— 2
oR (z, 771, 7Y (1 — At Oy(et™ (@), ci 1(3:)’T1)> _
v 1 » '8

0P (@), e (), T)
aT?

. . 2
;i—1 ;i—1
Bih (e, gt - (1 — At Ol (@), cer (x)’T1)> _

T1T1 3T1

u;i—1 uyi—1

. il i 0%y(c x), Cql ), T}
At B}rl 1($,T1 17T8 1) . ( 1 (8)T28 ( ) ) .
i

(16.86)
Assuming that

Bil:: sup \Bil(:c,Tl,Tgﬂ
zeN,Ty,Ts

is attained for y € Q and some (77, Tg), we conclude that

VBi(y, T1,Ts) = 0.

Thus taking into account (16.67), the inequality

sup  |BL L (z,7m,ms)| < sup By (a, Ty, Ty, (16.87)
rEQ,T1,T8 xeQ, Ty, Ty

using the maximum principle and proceeding as in arriving at (16.60), we obtain the relation

_ . | , BiTl(1+ AtA)? 1\
i< (||R’|A31+231(A—+f1)+31_1AM+“(;—t)> <_A+At> —

(|\Ri||A31At +2BI(A_ + f1)AL+ BT Ay At + BiT (1 + AAt)?) (1-AAt) ' < (16.88)
([||Ri|\A31 +2BIA; + B{*lAM] At + B§;1L2) L
where A is defined in (16.30), L is defined by (16.63), A in (16.61), A; defined in (16.66), whereas

83 Uyi— ui—
Az; = sup ‘W (7(01; 1,08; 1,T1)) ‘ + f1. (16.89)
1

According to (16.68), we can write

||| Asy + 2BiAf + B 1Ay < gHROH - (Asy + 24, AiAt) exp(QA%T) +3A,BY exp(2A%T)+

1—1

n

1—1

gHROH ArAp (i — 1)Atexp(24 T)+ gAMB? eXp(QATT) <

3 3 3
(16.90)

We have Bl, < (SH(T)At n B?ILQ)L, B2, < (SH(T)At + S1HLPAL + B?1L5)L and in general, for
1 < n,
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i—1
Bi, = (SH(T)AtZL3l n Bg’lLSi—l)L
=0

Thus using Lemma 16.13, we obtain, for At > 0 sufficiently small, i.e. for L sufficiently close to 1

B; S11(T) exp(3iAAL) + 2691 exp(3iAAt). (16.91)

.3
1—23A

The estimate for Big has a simpler form due to the fact that §%6/0T2 = 0. This implies that the last
term in the expression for Big' (corresponding to (16.86)), hence the term corresponding to B, A,
n (16.88), equals zero. Next, Az; in (16.88) reduces to fi. Similarly to Bi;, we have

3 3
Big < 33 ASSS( )exp(3iAAL) + 58;38 exp(3iAAt), (16.92)

but this time, according to (16.90),
3 0 n
Sgg(T) = 5 ||R Hfl eXp(QAT) + 268 Af,

where Bf is obtained from (16.70) by taking i = n.

Similar estimates can be found for Big. In this case the second line of (16.85) takes the form

OF,

aTg ((’L — 1)At X Tl,Tg) s

i 82 Ust— ut— 8F . ;
BS |:37—v12 (’7(01* 1, 8* 1 T])) 877;((2 - 1)At7.’1,"T1’T8):| +Bl |:

whereas the third one takes the form

Z{ 0?Fy

s (i~ DA T3 T)|

We thus have

i< ‘3 21 51s(T) exp(3iADT) + 318 exp(3iAAL), (16.93)

with
3
S18(T) = 5 |R%|| fr exp(2AT) + (Bg + BY') Ay,

where B} and Bf are obtained from (16.68) and (16.70) by taking ¢ = n.

16.12 Third order derivatives of R’ with respect to 7, T,, and T,

Using the same approach we are able to give estimates for third order derivatives of the functions with
respect to 1, Ty, and T}, I,m,p € {1,8}, which are independent of i. Similarly to (16.91), (16.92)
and (16.93), these estimates have the following structure:

Bi,., < Simpexp(ks1iAAL) + B, exp(ks2i AAL), (16.94)

where k3.1 and k3.2 are finite natural numbers and Sj,,, depends on 7" and the norms of the coefficient
functions of system (16.5)-(16.7).

16.13 Mixed second order derivatives of R' with respect to z;, and T},

Now, we will estimate the absolute values of the mixed derivatives

» 2R LR
Qm = 0 aT ~ dendT 2,3, m=18

Let g1 :== 7, gg :=§. Then
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o 3y oot ] = g [ et ] =

d;’n{aézlcl(z T 1)+Bi11(17771i_1aT§_1)a(;i;1 + Bz, 1) 1,T§_1)a;i:

d; {Bi Na, i~ 1,T§_1)8g£: + Bi- (2, 7 1’T§-_1)6;i:}+ (16.95)
ENCR R R (1 BN G 1(”3%,?%)’%) |

Differentiating Eq.(16.75) with respect to T,,, we obtain the equation:

0= 0nV?Qh, ~ Q| (1) 4 (30 )

LR — DAL Ty, Ty) + — } Qi [627 S+ a ((z 1ALz Tl,Tg)}

i—1 i—1 __i—1 u3i—1 w;i—1
Ty T 5 T
L Qi (i 7 ><1_ Ay D9 (e @), (x»Tm))

At T,

i 82 ui—1  wuy;i—1 wyi—1 82 ui—1  wuj;i—1 wuyi—1
+{ - Bm [7 (7(01* ) Cgs 7T1)) Cl;,xk + W (7(01* ) Cs 7T )) Cgs a:k+

60%*8T1
0 (6(c’“"*1 T, )) el 5Ff71((i — DAtz Ty, T, )]f
803*8T8 8% y 48 8,2 al‘k sy 41,48
i 83 ui—1  wuy;i—1 wu3i—1 83 ui—1  wuy;i—1 wuyi—1
R [W (Qm(c1* ) Cgi 7Tm)> Cla,zp +W (9 (cri vege 5 Tm )) Coump T
o*Ft
W((Z — 1)At,x,T1,T8):| +

i aT{' -1 A,
At Oz, 0T,
1 87’§ -1 o,

i— i1 i—1
B (arrd T, ) o O O

Bl (x; Tli_l(a:, ), Tg_l(l‘, T3))

T1Tm

i — i— i— 1 0 aTi_l
B7l'1 1(1};7'1 l(val)aTS 1(x7TS)) E : ﬁ < aill'k ) 51m+

i 1 0 [orit
Bi Ny N2, Th), 78 (2, T8)) AtaT( 88xk ) Igm }-i—

an 1
al‘k

Fi () - VQkm(z,1,,15) T - VB, (2, Ty, T3).
(16.96)
Recall that 07, /0T, has the form determined by (16.57), whereas 07;/0x}, is determined in (16.73)

and (16.74). Tt follows from (16.73) and (16.74) that

10 (87}-“1)__ 0 (%(c’fﬁ @), ey 1<x>7Tj>>5, _
_ -

At 0T, Oxy oT,, Oxy
; ) ) ) (16.97)
P T, D (e ) o
A AT, Oy et Oy

hence, by Lemma 16.7, (16.76) and (16.77), the L*-norm of the function coefficients multiplying
Bl BTl Bit!and B! in (16.96) are bounded by a finite number CZ, depending on (71, T)

(and other parameters of the system). Likewise, the coefficient function multiplying R’ is bounded in
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its L>-norm by a finite number C, . Recall also that the sum of the absolute values of the coefficients
multiplying B!, can be estimated from above by a finite number (Lemma 16.11).

Let us estimate the maximal absolute value of the derivatives Qj, ,,, inside €, for fixed (T1,T3) €

52 . i . . .

IR, . Suppose that the maximum of [Q}, (-, 71, T3)| is realized at some point
l‘z’m = {L‘Z’m(Tl,Tg) e

thus

VQm (ho > T1, Ts) = 0.
Let

sup ‘Q?c,m(kaleaTSN = |Q%7m(xEm7T17TS)| = |Q%’m(f7T17TS)| = Qi,* (1698)
k=1,2,3; m=1,8;11,Tg
Obviously, (VQUQ;—C (T, Ty, Tg) = 0 and, according to the definition of Q% (7 Ty, Tg), we have

OF;
Bxk

-VBm(a:«,Tl,Tg)’ < 3f0lQ% (2, T1, T)|. (16.99)

Next, proceeding like in sections 16.9 and 16.11, and using the estimates derived there, we can show
that the following recurrence inequality holds:

o< (B oxpBATIA + QL)L

* %

where E, . depends on the initial data Ry, T' and the coefficient functions of system (16.5)-(16.7).
This leads to the inequality

Q., < gE*,*exp[5AT] exp(24iAt) + SQE’*eXp(ZAiAt). (16.100)

Remark Let us note that we calculated the maximal value of |Q§€m| tacitly assuming that it is
attained inside Q). In fact, the same procedure can be applied in the case when |Q}€m| attains it‘s
maximal value at the boundary 0f2. This follows from subsection 16.10 and the fact that the boundary
properties of Q};ym are the same as the properties of Q% . a

Remark The necessity of taking the supremum over the index & (and m) as in (16.98) follows from
the presence of the term Fy- VR’ and is dictated by the possibility of the assessment (16.99). Without
this term, we could keep the indices k and m fixed. a

16.14 Mixed third order derivatives R’ with respect to z;, T,, and T;

Similarly, we can estimate the absolute value third order derivatives of the form:

PR 3R
= 0z 0T, 0T,  depdT,,dT}’

Qlom : k=1,2,3,m=1,8.

These estimates have the form corresponding to (16.101). Thus, in view of the second Remark
after (16.101), we have:

. 3 3
Qher < 5B exp(kyg. AiAL) + 592,** exp(k12.0 AiAL), (16.101)

where for the first asterisk we can take 1,2, 3, whereas for the second and third asterisk we can take
1 or 8. The constants k; 2.1, k1,22 are finite natural numbers. E, ., depend on T and the norms of
the coefficient functions of system (16.5)-(16.7).
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16.15 Basic lemma concerning the difference between functions corre-
sponding to subsequent values of ¢

For further analysis, we will impose a simplifying technical assumption.
Assumption 16.14. The function Fy does not depend on t.

In this subsection, using the results of the previous subsections, we will estimate the difference

Zi(l‘,Tl,Tg) = Ri(fE,Tl,Tg) - Riil(l‘,Tl,Tg).

For i > 2, Z* satisfies the equation:

) o I T, T Z Y, Ty, Ty Z= Y, Ty, Ty
dRVQZZ—FFo(Z‘)'VZZ— (I, 15 8)_|_ (I, 1, 8)_ * (I, 1, 8)_

At At At
{Zi 9 (y(c“”'—1 i Tl)) L2 (5(5”—1 Tg)) + Fy((i — V)AL 2, Ty, Ts) }+Ri—1Avi =0
8T1 1% y “8x% ) aTs % ) Yy 9
(16.102)
where
Zi71.= (Ri-1 — Ri-1) — (Ri~2 — Ri~2), (16.103)
because

Ri _ Ri—l _ (Ri—l _ Ri—Q) — (Rz _ Ri—l) _ (Ri—l _ Ri—2) + (Ri—l _ Ri_l) _ (Ri—2 _ Ri_2>'
Above, for fixed (T1,Ts) we denoted for brevity

RF .= RF(x, 1 (2, Th), 18(2, T})) (16.104)
with 7y (z,T1), 7s(z, Tg) determined by (16.8)-(16.9), i.e.

= Ty (e @), T (@), Tr) At = T = (@, T - A, (16:105)
=Ty = d(cgl (@), Tx) At =i Ty — 6 (o, Ty) - At (16.106)

and

T a w;t—1  wuzi—1 a wuji—1 .
AV* = [8T1 ('7(01* » Ci ’T1)> + 9% (5(68* ,Ts)) + Fi((i — DAt 2, Th, Ts) | —

(16.107)

0 ut—2 u3i—2 0 ut—2 -
[aﬂ(wcu AR T) g (3T + (G - )AL T Ty)

In view of the inequality (16.50),

AV? < B,At as At—0
for all i > {2,...,n} and some B, > 0.

Remark Above, we used the following lemma specifying the one term Taylor expansion for many
variables scalar function.

Lemma 16.15. Suppose that f € C*t1 class. Then

3 = foe Y DTy 3 Sy [ -9 0" tsly—yo) ds.

1<lal<K la|=K+1
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a

Taking into account the boundedness of the first and second second derivatives of the functions
R' i€ {l,...,n} with respect to T} and Ty provided by sections 16.8, 16.11, we can write:

Ri_l — Ri_l = Ri_l(l‘,Tl,Tg) — Ri_l(x,Tl(af,Tl),Tg(l‘,Ts)) =

Rz, T, Tg) — R Y(x, T1, Tx) — Bi (2, Ty, Tg) - v~ (2, Ty) At — By (e, Ty, Tg) - 6, Tg) At—
2 . i 1 . i i

Zk,l:l,S 5(712 t- Ty) - (7 't 1) _/; (1- S)Bikrlz (x’Tl + s(y - T1),Ts + s(7g 't TS)) ds =

7Bi_1($, Tl, Tg) . ’}/iil(l’, Tl)At — Bé_l(ﬂ?, Tl, Ts) . 61"1(:10, Tg)At*

) ) 1 . ) )
Sl =T (i =) [ (0= B (0, Ty 4 stri ™ - T Ty s(ri! —T4)) ds.
(16.108)

Remark In accordance with Remark before (16.72), to avoid ambiguity, we will assume the following
convention of denoting the total derivatives of the quantities R*(x, 7i(z,T1), 7s(z, Ts)) with respect to
Ty and Tg. Thus, these derivatives will be denoted by

dR! iz, T T . ) d ) .
(50,7'1(55’ 1)77'8(177 8)) — B:Lr (JT,Tll(l',Tl),TS(fE,Tg)) . i —. Bi(fE,T{(LE,Tl),Tg(l',Ts)),
dT1 ! dTl
dR(z, i (x, T T, 4 , d , .
(x,n(a:;l;)ms(:m 8) _ Bl (z,7i(z, 1), ms(x, Tk)) - ﬁ = Bi(x, 7z, T1), 75(z, T5)).-
8 1

Next

BN (w, Ty, Ts) 7'~ (2, T) At — By (2, Ty, Ts) 7'~ 2(a, T1) At =
(B (.10 To) = B @10 18) ) -7~ D) A+ B2, 11, 1) (777 0, 1) =720, ) ) At =
H™H o, T ) ' T+ B, T, To) (777 (0, T1) = 7720, T) ) A

Likewise:
B{ (@, 1, Ty) - 6 (2, T AL — By (2, T4, Ty) - 67 2(2, Ty ) At =
(BY! (0,71, To) = BY (0,11, Tx) ) 67 (@, T AL+ B 2(2, T3, To) (67 (2, Tr) — 612 (2, Th) ) At o=
iV T2 Ty) - 5= (0, T2 ) A+ Bé_z(x’Tth)((;i—l(a;,Tl) - 5i72(x,T1))At.

As (7,271 —Ti) = O(At), it follows that there exists a positive constant r; independent of ¢ such that

(R = R — (B2 = R2) < (|H 3+ [ 5) At 4 (Ar)? (16.109)

and positive constants ro, r3 (independent of ¢) such that

1Z°] < (12771 + ra(AL)? + rg|H[ T AL L, (16.110)
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The last inequality is obtained via the consecutive use of the maximum principle and the denotation
[H|" := sup{|H}|, | Hg]}, (16.111)

As R is given by the initial data, then

ZY(x; T, T
dpvizt - 2@ ey gy
At
{Rl [8 (’y(cif*o,cg*o,Tl)) + 9 (5(05;077“8)) + F1(0- At,m,Tl,Tg)] n (16.112)
5'T1 aTg

+ Folw)- VR'} = 0.

(A RO—I— [RO(.T,T{)(x,Tl)7T§)($,T8))—Ro(x’Tl,Tg)]>

It is seen that the terms in the curly brackets {-} are of O(1) terms as At — 0. It follows that there
exists a constant G§, > 0 such that for all i € {2,...,n}

|Z1(x)| < At Gy, for o € Q. (16.113)

To proceed, let us analyse the difference Hi = Bi — Bi~! for i = {1,...,n}. This will be done by
means of the equation obtained by subtracting from Eq.(16.54) for B} the corresponding equation for
the function Bi~'. For i > 2, we obtain:

dRVQH{‘ + F()((E) . VH{ =

i 0 ui—1  w;e—1 0 uyi—1 1
i | g (e ) 4 g (5 T0) 4+ Rl - DAL T T + |+

i—1 7,82 w;t—1  uzi—1 a .
By A+ 2 g (T AT + g Bl - DAL T T+

(16.114)
R7'182 w;r—1 ule 82 u;t—2 uzZT
|5 T T ) — (T T )
O p(i— DAL 2, T Ts) — ~L (i — 2) At 2, T T)}f
8T1 1 1,48 8T sby L1, 48
B Ny e, Th), g (2, T8)) — By (a2 (a0, Th), 782 (2, Ts))
At '
Denoting
A 87(01 7Cg8’T1) 51 . 85(c§’8,T1) B’L 1. 8RZ ! i—2 aRl 2
V1, = —on, % T o o o 0 Cn T Ton
we have:
Bi_l(l‘”{_l(val%Té_l(vaS)) - Bi_z(x;Tli_2(x,T1)7T§_2($,T8))) =
BiNasmyHa, Th), g (e, To)) (1= ' At) = B2 (a2 (2, T1), 15 2 (2, To)) (1= i AL) | =
[Bi N M, Th), g Hw, Ty)) = Biy (a5 (2, )y g2 (2, Ty))] - (1= o' A —
B (im0, ), 2w, T)) - [ A= 2] |
(16.115)

Let us note that
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|7fi1(m,T1)At - vfiz(x,Tl)Aﬂ = | (fil(x,Tl) — 'yfT?(:E,Tl)) |At < G11(At)2.

Next, we have, according to Lemma 16.15, with K = 0,
B (@i (2, 1), 7 (@, T)) = Bl 2 (s ri (e, Th), 742w, i) =
BV (asri~ a, T), i (@, 13))
—Bil_z{x;Tli*l(%Tl) —{r N, Ty) — (2, T) o (2, Ts) — {78 e, Ts) — 7 (957T8)}} =

B (a7 o, Ta), i Ta) = B (s T, 7 (0, Tr)) -
(@) — 2@ ) [ (B i 4 s - i s ) ds

(@ T8) — 72w 1) [ (Bi2 e s - s ) ds .
(16.116)

Now, we have the identity:

BY(x; Ty, T3)

B?(.T;Tl,Tg) -
At } =0

drV*BY + Fy(0- At,z)-VBY — ~

- {de2B9 + Fo(0- At,z)- VBY —
By subtracting this identity from (16.54) for ¢ = 1, and taking into account Assumption 16.14, we
conclude that, for ¢ = 1, (16.114) is substituted by the equation:

0=drV2H! + Fy(z) - VH! — H} E -

0 0
1 u;t—1  wui—1 u;i—1 . o
B! { 5T (’y(cl* , T1)> + 51 (5@8* 8)) L F(0- ALz, Ty, T) -

Rl{ﬁ ,y(cuz 1 Cuz 1 T)+iF1(0 Aty x, Ty, Tg) ]
org \"" e Yo 7

B?(*fm T{)(x7T1)77—80(xﬂT8)) - B?(:C, T17T8)
At '

Fo(0-At,z) - VB? + dpV?BY +

Taking into account that

B?<x;T?($7T1)7TBO<x’TS)) - B?(l';ThTS)
At o
a 0
BY (fE;T?(ﬂ?,Tl)aTg(%TS))aT — BY(x;T1,Ts)
At

assuming the sufficient smoothness of the initial data and using the maximum principle we obtain the
inequality
’Hll‘ < hAt. (16.118)

Likewise, we can obtain the estimate
’Hé‘ < RIAL (16.119)

Using these estimates, we can consider the equation for Z2, given by (16.102) with i = 2. Let us note
that, due to (16.118) and (16.119), Z} given by (16.103) can be estimated as
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1Z:| = |(R" — R}) = (R® = RY)| <
|B1, (e (2), 65 (2), T1) - At = B ma(ei™ (), 5™ (), Ty)| + 2B11 (At)*+
|Br s (ex (2), Ts) - At — B 7 (™ (2), Ts) | + 2Bs(At)* <

(1P (e (@), 6 (@), )| + 2B ) (A% + (b (e} (@), (@), T1)| + 2B1s ) (A1),
hence

|Z2] < (M7 + hgd) (A1) + (2B + 2Bss) (At)?, (16.120)

where

¥y =suply|l, 0 =supld| (16.121)
It thus follows from (16.102) and (16.120) by means of the maximum principle that
2% < (12" + K1.(At)?) L,

for some constant Ki,, where L = (1 — AAt)~L.

The crucial fact for further analysis is contained in the following lemma.

Lemma 16.16. Let x € Q and (T1,T3) be fized. Then

—(r{7 (2, Ty) — 77w, Th) = (9 (e (@), el T (@), Th) — y(efi 2 (), e 2 (), Th)) - At
and
—(ra (2, Ts) — 78 (@, Tx)) = (8(ctl ™ (), Ts) — O(cgs (), Tk)) - At
hence

| = (1722, Th) =7 (2, Th)) | < G (AY)?,
where Go1 is independent of i, and
| = (172 (2, Ty) — 75 (2, Tx)) | < Gas(A1)?,

where Gag is independent of 1.

Moreover, for p=1,8,

Oy Oy

T (™ (@), i ™ (@), Th) — e (CTLH(I%053‘%2(93)11)‘ < GeypAt. (16.122)
p* p*
and
04 u;i— 0 ui—
S0 (T (@), Th) — — (e 2(x),T1)‘ < Gt (16.123)
Ocg, Ocg,

Proof By (16.8) and (16.9), we obtain straightforwardly the first pair of inequalities. The second
pair of estimates follow from inequality (16.25) in Lemma 16.7, the form of the function § and the
estimates (16.50). To prove estimate (16.122) we use Lemma 16.15 and write the expression inside
the mid signs | - | at the left hand side of (16.122) in the form
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Zr:l,s[cgfil(x) - Cgf*%»””ﬂ‘

! 627 w;i—2 wii—1 w;i—2 w;i—2 wii—1 wii—2
0 (Cl* (I‘) + S[Cl* (ZZ?) — Ciy (J?)], Cgx (SC) + S[CS* (‘T) — Cgy (CU)L T1>d8

Jcy, Oct,

Now, using inequalities (16.50) in Lemma 16.12 and the second inequality (16.27) in Lemma 16.7, we
obtain (16.122). In the same way we can obtain (16.123). O

Consequently, by (16.116), we conclude that

‘B”}Tl(x;Tli_l(xaT1)7T§_1('T5T8)) - B;«:2($;Tli_2(l',T1),T§_2(l‘,T8))‘ <
’ [B::l(x;Tf_l(I7T1)’T§_1(I7T8)) - Bi;2(z;Tf_l(x’Tl)ng_l(xaTS))] ! (1 - VfilAt) +

(811G21 + BllGQS) (At)? < |Hf_1|(1 + Ay At) + (811G21 + Blsts) (At)?,

where

Ay i=max{A_, A} (16.124)
with A_, Ay defined in inequality (16.23) of Lemma 16.7, and A defined by (16.30).
It thus follows by means of the maximum principle that
|Hi| < ([H7 (1 + Ay At) + Wi, (At)? + At | Z7|) L, (16.125)

where Wg, = B11Ga1 + BisGas. In the same way, for some constant Wy,
\Hi| < (|HE (14 02At) + Wy At 4+ At | ZH|) L. (16.126)
By defining, as before,
|H|" == sup{| H}|, | Hg|},
we obtain
|H|" < (|H'(1+ AisAt) + Wy (At)? + At |Z7)) L, (16.127)

where Wy = sup{Wg,, Wn,} and A1 = sup{Aps,d2}.

By combining (16.110) and (16.172) we obtain the system:
|ZY < (|1Z5 Y + ra(A)? + r3|H['LAL) L.
(16.128)
|H|" < (|H7H(1+ AisAt) + Wi (At)? + At |ZY]) L.

We will find an upper bound for |Z|* and |H|* provided by solutions to the following system of
equations:
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|Z| = (12| + a. (A1) + a| H[" T AL) L.
(16.129)
[H|" = ([H'7'(1+ bAt) + a.(At)® + At ZY]) L,

where
a, = max{Wg,ra}, b:= Ajs.
In fact, we will consider the system for the differences:
W) =12 =127, o) :=|H|' — |H|I'"",
i € {2,...,n}, which reads
P(i) = (P(i —1) +ag(i — 1)d) L
¢(i) = (¢(i = (1 + bd) + ¢ (i)d) L,

where

d = At.

Using the first equation in the second one, we can write the system in the standard form of recursive
sequences:

P(i) = (@i — 1) +ag(i — 1)d)L

(16.130)
#(i) = (Y(i — 1)dL + ¢(i — 1)(1 + bd + ad?L))L.
Note that, due to (16.113), (16.118), (16.119) and (16.129), we have:
¥(2) = O(AE),  ¢(2) = O(AL?).
If X (i) := (¢(i), #(i))T, then system (16.130) can be written as
X(i) = AX (i — 1), (16.131)
with
L adL
A= . (16.132)

dL? (1+bd+ ad*L)L
For d > 0 sufficiently small, the eigenvalues A; and Ay of the matrix A are both positive and are equal

to

A=

(cL — IV + 4ad?L + 2L) . Ao = % (cL + IV + dad?L + 2L) : (16.133)

[N

where
¢ =bd+ ad’L.

The solutions to (16.131) are given by the powers of the matrix A. To find A", we will use the
following result from [11].

Lemma 16.17. (see [11, The_orem 1]) Let U be a k x k nonsingular matriz with eigenvalues A1, ..., Ak
and let M(0) =1, M(j) =1I]_, (U — \I), j > 1. Suppose that uj(m) satisfy the (recursive) system

ur(m+1) = Aui(m), u1(0)=1

uj+1(m + 1) = )\j+1’uj'+1(m) + uj(m), Uj+1(0) =0, 7=1,...,k—1.
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Then, for m >k

k—1
U™ =y (m)M(j). (16.134)
j=0
In our case
1
3 (Ve +4ad?’L —¢) L adL
My =(A-\I)= . (16.135)
dL? 3 (c +c2 + 4ad2L) L.
Now, let us note that we have
ur(m) = Ay

Next, as uz(0) = 0, we have
Ug(l) == AQUQ(O) + ul(()) == 1,
UQ(2) = )\2U2(1) + ul(l) =X+ N

u2(3) = Aa(A2 + A1) + A2 = A3 + Xy + A2

and, in general, for m > 2,

m—1 m _ \m
ug(m) = Mg —t=s 2 1
pore A2 — M
As, Aa > Ay, then it follows from (16.134) that

AT =X T (S5 ANT) (A= M) < AP T+ A (me (A= M) (16.136)

where the last inequality should be understood entry-wise. By means of the identity /y1 + y2 <
VY1 + /Y2, we conclude that

1

B (c — V2 +4ad2L) L>—./ardL,

1

B (c+ Ve +4ad?L) L < cL + \/ardL = (b+ \/ar)Ld + ad’L,

where /az, = v/a\v/L, hence, according to (16.133),

L(l — 1/aLd) <M\ <L
(16.137)
0< A< (1 +d(b+ \/CLL) +ad2) L.

Recall that L = (1 — AAt)~1. Let d = At be so small that L < 2. Then, by means of the definition
of \/ar,, we have

S = (b+ ar)+ad < b+ vV2va + ad.

If necessary, let us decrease d to the values so small that (1 + Sd) < (1 — Sd)~! < 2. (This can be
done without losing generality, because we are interested in the limit d = At — 0.) It follows that ,

1
Ay = (1—1—2 (c+ \/62+4ad2)> L<(148Sd)L< L(l—dS)_l.
Thus

lim A5~! < lim Ay7! < lim L™(1—dS)™™.
n—oo

n—oo n—00
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By means of Remark after (16.32), we can estimate the last limit as exp(AT') exp(ST'). Moreover, we
can also find n so large that A\J < 9/4 exp(AT) exp(ST) for d = T'/n. Next, according to (16.135)

1
) 3 (V2 +4aL —¢) L aL
S (A=nD) = : (16.138)
L? 5 6+ V& +dal) L
where ¢ = ¢/d = b+ adL. The entries of the last matrix stays of the order of O(1) as d — 0. It is
thus seen that (A— M\ TI)d~! = (A— X\ I)nT~! = O(1) as n — oo. Likewise, as for d arbitrarily small

A1 < L, then

lim A7 < hm L™ < exp(AT).

n—oo

Due to Remark after (16.32) for all n = T'/d sufficiently large we have AT < gexp(AT). By means

of (16.136), the matrix A™ stays uniformly bounded as n — oo and d = T'/n — 0. Moreover, as the
matrix A (given by (16.132)) satisfies the inequality A > I (in the sense of entries), then for m; < mq

AT > AT

In fact, (i) and ¢(7) are well defined for ¢ > 2. However, for technical reasons, we can assume
additionally that (1) = O(At?) = O(n™2) and ¢(1) = O(At?) = O(n?). Hence for any 2 < i < n,

(1), ¢(2))" < ((1), 0(1)" + AT (W (1),6(1))" < (¥(1),¢(1)" + (O(A),0(A%))". (16.139)
Consequently,
(D w(m), Y ¢(m (0(A1)?*),0(A1)?%)) < (O(At), O(At)).

Equivalently we can consider system (16.129), which after replacing |Z?| by z;, |H|* by h; and
inserting | Z| into the equations for |H|* we obtain for i € {2,...,n}

Zi = (Zl'—l + a4 (At)z + ahi_lAt)L

(16.140)
h; = (hi_l(l + bAt + a(At)QL) + a*(At)2 + At z;_1L + a. (At)gL)L
This recursive system of equations can be written in the following matrix form
Y(i)=AY(i—1)+ G, (16.141)
where
Zi
Y(i) =
h;
a,d?
G= (16.142)

asd® + a,d3L
and A is given as above by (16.132). Now, by means of the Corollary 3.18 in [12], we have for m > 2:
m—1

Y(m)=A"Y(1)+ () A™HG.

r=1

By the previous estimates

A" < A", forn>m>1
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in the sense of inequalities between the entries. We can thus estimate

n—1
ZAn—r—l < nAn,

r=1
hence
Y(n)=A"Y(1) + (X A" NG < AMY (1) + nA™G =

(16.143)
O()-Y(1)+0O(1) - (nO(1/n?)) = O(1) - O(1/n) + O(1) - O(1/n) = O(d).

Thus we are in a position to formulate the main result of this section:

Lemma 16.18. For alli € {1,...,n}, the following estimates hold:

4 ) < Goz At, || Hj , < Gom1 At and || H} ) < Goms At,  (16.144)

oo @umz lco@xirz oo @z

where the constants Goz, Gomg1, Gons are independent of i.

16.16 Estimates of C1*° norms of the functions R’

By means of the results of the previous section, we will now give estimates of C1*# norms of R’. This
will be done by rewriting Eq. (16.5) in the form not containing the terms proportional to (At)™!,
namely as

dRVQRi + F()((E) . VRz—

i 0 ut— u;t— 0 ut— . i
{Rz |:8T1 (’7(61; 1568* 1,T1)> + aiTg (5(08* 1,T8)) +F1((7, — I)At,:E,Tl,TS)] + W } =0,
(16.145)
where, by (16.108),

W= N (RZ(SC,Tl,Tg) — R’fl(:r;Tl_l,Tg_l)) =

1 ) ) . . ) )
Kt ([Rl(valaTB) - Rlil(x’TlvTS)] + [Rzil(xaT17T8) - RZ?l(w;T{_l’ Tg_l)}) =

1 ; ; ; i1 i
Kt (ZZ(LL',Tl,Tg) + [Rlil(ir,Tl,Tg) — Rlil({E;Tl 1,’7’ 1)]) =

A 1 i— i i— i
E + E(_ Bl 1(337T17T8) : 71_1('1:7T1)At - BS l(valaTS) . 5z_1(1"7T8)At_

) ) 1 . . )
Shimns(ri =T (=T [0 = 9B (T s - ), Tk strd !~ 1)) ds).

By Lemma 16.18, Z¢/At < Goz, hence by the results of sections 16.5 and 16.7, we conclude that the
expression in the curly brackets is of the order of O(1). It follows from Lemma 15.5, by taking | = 2
and the integration power p sufficiently large that

[R w2 < Cap

where the constants Cy, are uniformly bounded for all p. By using the Sobolev imbedding theorem,
we conclude that for all 5 € (0, 1) there exists a constant C45 independent of i € {1,...,n} such that

|R ||crvs () < Crap- (16.146)
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16.17 Estimates of the higher order norms of the functions c}:i

u;i

Using the estimate (16.146), we will find the bound for higher order derivatives of the functions ¢, .

Lemma 16.19. Letn > 3 be fived. Suppose that for eachi € {0,1,....,n} and B € (0,1), the C1+5(Q)
norms of the functions R* are bounded from above uniformly with respect to i. Then, c¢¥ and c¥ are of
class Ct(i+5)/2’3+ﬂ(((i —1)At,iAt) x Q). To be more precise, there exist constants C1(3,Q), Cs(8,),
K1 and Kg, depending on T, such that

¥l ceror/2208 (1) Anian <) < C1a(8:Q) [Kl + [lei ((i — 1)At, ')”cﬁ*ﬁ(g)} (16.147)

and

Hcg||Ct<§;ﬁ>/2,3+ﬁ(((i_l)m,im)xm < CSA(ﬂa Q) [KB + ||c§‘((z - 1)At, ')||cg+ﬁ(g)} : (16~148)

In particular, there exists constants P and Py independent of i such that as At — 0

HC?(ZAt, ) — Cl((i — I)At, ')HCO(Q) S PAt, ||Cg(ZAt7 ) — Cg((i — 1)At7 ')HCO(Q) S PAt7 (16149)

||qu(’t'At7 ) — 01((i — 1)At, ')HCl(Q) S PlAt, ||C;(iAt, ) — Cg((i — 1)At, )HCI(Q) S PlAt (16.150)

and for t € [(i — 1)At,iAt]

et (t,) —er((i= 1AL, )[leo) < P(t=(i=1)At),  leg(t,) —es((i—1)AL, ) [|co) < P(t—(i—1)At)
(16.151)
together with

et (t, ) —er((i=1DAL,)cr) < Prlt=(i=1)At),  [leg(t, ) —es((i—1)AL,-)|crin) < Pr(t—(i—1)At)
(16.152)

Proof The proof of the lemma follows from Lemma 15.6. Starting from the initial data ¢}"°, c§°
+B

belonging to C3+#(Q) class and using the fact that R® € C'*# class, we obtain a Ct(i+ﬁ)/2’3
solution on the set ([0, At) x ). Treating ¢! (1 - At,z) and ¢! (At,z) as the initial data we obtain
a solution of Ct(ijﬁ )/2318 (lass on the set ((1-At,2- At] x Q). Proceeding consecutively in this way,
we obtain a Ct(i+ﬁ)/2’3+ﬂ solution on the set (((i — 1) - At,i- At] x Q) for all ¢ € {1,...,n}, hence
using the Schauder estimates, we obtain inequalities (16.147) and (16.148). As the constants K; and
Kg can be chosen as independent of n and 4, then in view of Leray-Schauder estimates, in particular
due to the fact that the time derivative of the solutions is Holder continuous, there exists a constant
P such that for At > 0 sufficiently small, inequality (16.149) holds. Next, noting that that, according
to the definition of norms in this space, the subnorm

I ()|

with |a| <1 is finite (see [23], Theorem IV.5.3 and Section I.1), we arrive at inequalities (16.150). O

o)

16.18 Estimates of first order derivatives of Z’ with respect to z;

To proceed, we will analyse the equation for spatial derivatives Z,ia:w k € {1,2,3}. By fixing k, we
will for simplicity denote

9 , .
= —, 7' =2"
6xk’ Tk
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Remark In the proof below, for each i € {2,...,n}, we will be interested in the quantity

8Zi 1%
max L (sup ) =27".
ke{L,....dim()},(T, Ts)€RZ. \ weQ Ok

However, for the sake of concise notation, we will the notation Z’%, independently of k. |

By differentiating Eq.(16.102) and using Assumption 16.14 we obtain the equation:

drV22Z" + (Fo(z) - V) 2" + (Fi(z) - V) Z'—

Z" (2T, Ts) n 2" Na, T, Ts) n 20 Na, T, Tg)
At At At

u3t—1 uz 1 0 u;i—1 .
1% N —
{Z { 51 (7(61* , c T1)> 3 (5(68* Ts)) + Fi((i — 1At z,T1, 18)} + (16.153)
VA (—( (cuz ! cu’ ! 1 ))—l——(é(cq” L ))—i—F ((i—l)Atm Ty,Tg) I}—
8T1 Y (C1x 8% 1 aTS 8x 8 1 sy by 41,48

(RLAVYY =0

where

7=l = (R — RV — (RS2 — R72Y (16.154)
with R.! defined in (16.104) and AV is given by (16.107).

To begin with, let us note that according to (16.107) and (16.150) the term (R~1AV?)’ is of the
order of O(At). We are going to construct a recurrent sequence for Z’* — Z’*~1 and prove that these
differences are of the order of O(At)?. First, adapting the analysis of the term Z! in Eq.(16.102), let
us consider the term Z/=1 . For i > 2, we have:

R/i_l - R;i_l = R/i_l(xa T17T8) - R/i_l(xa Tliil<xaT1)a Tgil(vaS)) =
R N2, T, Tg) — R a, T, Tg) —
By N, Ty, Tg) - v~ Yz, Ty) At — By~ (2, Ty, Tg) - 6 (2, Tg) At —

BN a, Ty, Tx) - ("M (z, T1))' At — By (2, Ty, Tg) - (6w, Tg)) At —

(16.155)
[( —Ty)2 [} (1= 8)(BiL (@, Ty + s(ri™ " = T0), Ts + s(ri " — Ty)) ds+
(e = T3)? [y (1 — 8)(Bih (2, Ty + (it = T0), Ty + s(7i! — Tx)) ds+
2 = T (i = Ty) [ (1 — 8)(BiA (2, Ty + s(r{7t = T1), Ts + s(ri ™t — Ty)) ds /

Next, by means of section 16.13 and Lemma 16.16

By e, Ty, Ts) '~ e, Ty) At = BY (2, Ty, Ts) ' (2, Ty) At =
(B @, 11, T) = BY (2, T ) ) -4~ @, )AL+ By 2(2, Ty, To) (M, Ty) = 72, Ta) ) At =
HI Y2, Ty, Ts) -7~ (2, TL) AL + By 2 (a, Ty, T) (vi‘l(m ) — 7" (z, T1>)Af =

H ™ (@, T3, Ts) -7 (@, T At + QZ20(AD AL
(16.156)
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and

By &, Ty, Ts) - (v~ &, Ty)) At — By (2, Ty, Tx) - (v =2 (2, Th)) At =

(B (@1 T) = B @ 10 1) - (7, 1)) At 4 B (2, T, )

| | (16.157)
(@) - (2, 1)) ) At
= Hi_l(xa TlvTS) "Yi_l(x’Tl)At + Bi_2($7T1’T8) ' (('yi_l(xa Tl))l - (’yi_z(xaTl))l)At
where, for ' = —,
L
‘ ‘ a,y acuiifl a,y acug;ﬁif2
i—1 T I 1—2 T [ ! . P _ : . p =
0T = 0@ T = e { g T g e )
. L - (16.158)
> {{ D } Ocpi” o {ac;.f:f_  Ocepi” H
p=1,8 acg,jkifl acgii72 (%ck anfin amk axk .

Likewise, by means of section 16.13 and Lemma 16.16

Béi_l(l’, Ty, Tg) . 5i71(l’, Tl)At — Béi_Q(iL’, Ty, Tg) . 5i72($, Tl)At =
(Bg'*l(x, Ty, Ts) — Bi~2(x, T, Tg)) 5w, Ty AL+ B2 (2, Ty, Ts) (5%‘*1@, 7)) — 62(a, Tl)) At
= HI (2, 1, Ty) - 6 (2, T1) At + Bg*(x,Tl,Tg)(ai—l(x, ) - 5i_2(x,T1))At

= H{ (@, Ty, Ty) - 67 (2, Ty) At + QL 20(A) At
(16.159)

and

By N, Ty, Tg) - (6 (2, Tg))' At — B2 (x, Ty, Tg) - (6772 (w, Tg))' At =

(Bé_l(l’7T1aT8) - Bé_Q(:c,ThTs)) (8w, Ts) ) At + By *(x, T, T)

~((5i71(x,T8))’ - (5i*2(m,Tg))’)At (16.160)

= H{ M@, Ty, Ty) - 67 @, T) At + By (2, Ty, T) - (6 (2, Th) = (62(e, Th)' ) At

The first term of the right hand side of (16.157), due to Lemma 16.18, can be estimated by a
constant (independent of i) times (At)2. By the results of section 16.8, |Bi™?(x, T}, Tg)| is bounded
uniformly with 4. Next, by (16.122) in Lemma 16.16, the first square bracket at the right hand
side of (16.158) is of the order of O(At). Similarly, due to estimate (16.150) in Lemma 16.19, the
second square bracket in (16.158) is of the order of O(At). Similar conclusions can be drawn with
respect to the expression given by the right hand side of (16.160). Finally, as (7'1’;1 —1Ty) = yAt and
(ti~! —Tg) = 6At, in view of Lemma 16.12 (differentiability of the functions vy and §) and section 16.14
(differentiability with respect to xj of B, r,), we conclude that there exists a constant r independent

of i, such that for all z € Q and (71, Ts) € R?,

(R~ — R1) — (RI2 — R™2)| = (|Hf*1|ﬁ+ |Héi*1|3) At + 71 (At)*.

Suppose that
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192 = | g ()| = 2% ().

Then, by applying to Eq. (16.153) the maximum principle at the point x,, we can estimate for At
sufficiently small

_ . 1 , = 1 1 -1
11 < 1i—1 D— ( 1i—1 = 1i—1 2) - (7 _ _ ) )
12" (z,)] < {\z (w) | 5 + (1 A+ |HE T BAE + 71 (A1)? ) +r4At} 5 —A=3f
Denoting, similarly to (16.161),
|H'|" .= sup{|H'|, | H{ |}, (16.161)
we arrive at the inequality corresponding to (16.110):
12" < (12" + Fa(A)? + 73| H'| T AL) L, (16.162)
where
L=(1-A1At), A;=A+3f. (16.163)

(Cf. (16.82).) Let us note that by differentiating Eq. (16.112) with respect to xj, we can prove that

IVZ1( Yoy < AtGY, (16.164)
for some constant GJ.

In the similar way, we can derive the equation for the components of VH{ for i € {2,...,n}. Let,
similarly as before:

) . _ . .
/. 1 . 17 i L 17
= —axk, Hy, =H{, Hg,, =Hg,

where the index k is in general a function of 3. The equation for H'* has the form:

0=drV?H{ + (Fo(z) - V)H} + (Fj(z) - V)Hi—

i 9 usi—1  usi—1 0 wi—1 . 1
K ; ; o : 7 1]
H1 |:8T1 (’Y(Cl* 5 oy 7T1)> + 8TS <5(68* ,Tg)) + Fl((l 1)At,1‘7T17T8) —+ Al

. . ) 82 . . 9
ri—1 1 pi—1 S wyi—1  wi—1 o - B
By AV - B AV)) - Z [—m (e e ) + g (- DAL, T 1)

i 82 uyi—1  w;i—1 0 . !
Z |:677_‘12 (’Y(Cl* ’CS* ,Tl)) —+ TﬂFl((l — 1)At,l’7T1’T8):| —

Riil 82 w;i—1  wui—1 T, 82 u;i—2  usi—2 T
87:,,12’)’(61* 1C8x 1)_(877’127(61* e T))+

0 ‘ ) ‘ '
o7 P = DAL T T) = S Fi(( - 2) A, x,Tl,Tg)D T

(B Y i M, Ty mi N (w, Ts)) — Bi (s 2 (2, Th), a2 (2, Ts)))'
At '

(16.165)
This equation can be obtained formally by differentiating (with respect to x) Eq.(16.114).
In accordance with (16.105) and (16.106), let us denote:

u;t U,
i 87(01* ) Cgx 7T1) fA—
,‘YTl T I Tg *—

85(055 ’ Ty )
oT, '

0Ty
We have:
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(Bi_l(x; (@, Th), g (2, Ty)) — 35_2(33?Tf_Q(x’Tl)’T§_2(x’T8))>/ -

(Bi s 1), 7, T) (1= i A = Bi (o7, Th), 7, T) (1~ i 2A0) =
(B @iri ™ @ ) i (0, 1) = Bl 2 (s i@, 1), 72, )] - (1= i )=

B2 (. 1)), 7, i) - [ At - 72 Ae] )

(16.166)
Let us note that, according to Lemma 16.19,

(3 (@ T AL — 242 (0, TAY) = (3 (2, Ta) — A 2)AE < G (A1)
Next, by (16.16),

. . . . . . /
(B ™ (@ 1), 7 (@, Th)) = Bi (w52, 1), 72w, ) =

(B'irfl(‘m 7_{'71(‘% Tl)a 7_82'71(‘% T8))_

. . . . /
By o (@, ) — {17 @, 1) — 2@ )b i @ T) — {7 @, ) - i@ T} ]) =
(Bj'l_l(‘r;Tf_l(x7Tl)aTSi_l(x7T8)) - B'f'1_2(x;Tli_l(‘raTl)7T8i_1(xaT8))_

(7 @ T) = 772 ) Jy (B (i (=2 = i), s — 7 %)) dst

!

(i (@ T) = 7@, T)) Jy (Bis2 (o ri ™t s(ri 2 = {7, i s(rd 2 — i) ds )
(16.167)

If ' = —, we have

(Bl 1(.%‘ 7_1 (aj?Tl)’Téil(aj’TS)) _B-Zrl_2($;Tllil(x7T1)>T§71(va8))) :H{I(QT?Tllil(x’Tl)’Tslil(xaTS))

N ~ . . ori Mz, T
(B%Tll(f?ﬁ 1(5U»T1)77'8 1((E,Tg)) anfl(x;ﬁ 1($7T1)a78 1@st))) %}CI)

i— i— i— i— or zT
(B ) A 0 ) — B2 (s (0T ) ) - 2B (Y
(16.168)

Remark Recall that

ori Mz, Ty) and (97'5_1(1‘,7’1)
Oxy, Oxy,

16.3). It follows that the second and the third term in the above expression is of the order of O((At)?),

ori Nz, Ty) and 87'871(%7 T)
Oxy, Oz,

are of the order of (At) as At — 0 (see Lemma

if only the coefficients multiplying

are of the order of At. O
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Next,
(i @, 1) = i (2, 1))
fol(Biffl (71 (@, T1) + s(ry (2, Th) — mu(2, Th)), ms(2, Ts) + s(rs (@, Ts) — 78 % (2, T3))) ds]l =
(M, 1) =7 2, Th))
Jo B2 (w, iY@, T1) + s(ri (2, Th) — (@, T1)), ms (@, Ts) + s(ri (@, Ts) — (2, Ts))) ds+

(1 (@, 1) = 72 (, Th))-

. . . ) ) /
fol (B;L'l_‘l?l (‘T7 7—1171(13 Tl) + 5(7-1172('7;7 Tl) ! (337 Tl))v TS($7 TS) + S(Téil(‘%’ﬂ TS) - T§72($> TS)))) ds

Let us note that, in view of Lemma 16.16 and Lemma 16.19,

(@, T1) = 7 (2, 1) = O((AY)?), and  (r~'(2,T1) — 7 (2, 1)) = O((At)?)

as At — 0. On the other hand the quantity

(Bi:fl (z, 7y (&, T0) + s(ry (2, Th) — (2, Th)), 7s(@, Ts) + s(mg ' (@, T) — T§_2(1‘7T8)))>/

k

k
TIT1X x7T1a78)7 B

(z,71,78), BE s (

is finite, if only the third order derivatives B i (

x,T1,Tg) are
bounded for all the possible x, 71 and 73 of interest. Likewise,

(B s =) i s(ni 2 =)

k

T1T1T

bounded for all the possible z, T} and Ty of interest.

k
xaTlaT8)7 B

(1‘77-177—8), Bk TngTg(

T17T8T1 (

is finite, if only the third order derivatives B x,T1,Tg) are

In view of Remark after (16.168), we have to estimate the differences

Hi,. =B}, (v, T1,Ts) — By (=, T1,Ts), k,m € {1,8}.

Let us consider the difference H{;. The remaining differences (Hig and H{g) can be considered
similarly. The equation for H?, is obtained by subtracting the equation (16.85) for Bi;' from the
equation for Bi;. We have
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0= dpV*Hi; + Fo((i = 1)At,z) - VHf,
i 0 (ry(cuz L ouim T1)) + 9 (5(cu;i 17 )) + Fi((i — DAt z, T, Tg) + —
11 o, 1x 8% 0Tk 8% ’ At

i — ut— uji— 0 Uui— .
B [Tl (v i ) o (8™ 1)) + (i - 1)At7x,T1,T8)] -

o7 (et T0) g (3620 70) + - 2t i)}, -
2B{ [BT (v e 1)) +Zﬁ(<i—1)At,x,ThTs>] -

i 2 ) + S22
B[ (et 1)+ TR - Dt 1) -

s (s 1) + G G- 20n ]

0?Fy

8T12 ((Z - I)AtaxaTlaT8):| +

i 83 u3i—1 u i—1
zZ |:8T3 (7(61* ) 8* Tl)) +
1

1 7 i— 7 i— i—
E[Bn%l(ﬂﬁ e, 1), 75 (2, Tx)) — Big, (a1 2(2, Th), 74 2(33’T8))L~

(16.169)
Recall that according to (16.86):
Biil(x T{ ' Tgil) = Bifl(xaTfil(val)aTSiil(vaS)) =
0t (@), @), 1)\
Bl (z,ri7 i [ 1 - At 1+ i ’ - (16.170)
171 Ty
2 uyi—1 uyi—1
) . T
At B (@, {7t 7 G (12;28* (). 7h)

Let us note that the expressions in the curly brackets {-}1, {-}2 and {-}3 in (16.169) are of the order
O(1)At. Using (16.170) in the square bracket []4, we have

2
i— i— — 7 i— i— 87 Cu*l ! T CU*Z ! aT
[la = (B Y, ) = B A (2, T 2))~<1At (e ( )8T18 () 1)> _

T1T1

1—2 i— 2
Bﬁn(‘x T

i (A (@), gl (@), T) O(c (), g (), Th)
2y . _ 1% 8% _ 1% 8% .
) (2-a T, At T, )

usi—2

O (et (@), gl (@), Ty)  O(ery () el P )7T1))_
o1y o1y

A

1 1— i— ] i— 1— 82 Cu*l ' T Cu*l ' 7T
At (Bgl(m 1 g 78 1)*B3172($ 71 2 )78 2)) alCi (8)T28 (@) 1)*

) i i 82 Cu: 2 T Cu*z 2 ,T 82 Cu*z 2 T Cu*z 2 ,T
AtB;l_Q(x Fiv? 7 2y. ( 7(cy (a)TZS (), Th) _ V(ey (a)T;s () 1))

(16.171)

The second, the third and the fourth term in (16.171) are of the order of (At)? (as At — 0).
Next, taking advantage of the fact that, according to section 16.12, the third order derivatives
Bl (z,71,78) and BL __ (x,71,73) are bounded independently of z € Q and all (T1,73) > 0,

T1T1T1
we obtain:
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Bi—1 (x,Tf_l,TBi_l) — Bi72 (Q:,Tli_Q,T;_ )=

T1T1 T1T1
i—1 1—1 _i—1 i—2 i—1 _1—1 i—2 i—1 _1—1 i—2 1—2 _1—2 _
(BTlTl(x7T1 ’7—8 ) _BTlTl(‘r’Tl 77—8 )) + <BT1T1(:’U’T1 77—8 ) _BTlTl('T?Tl 77—8 )) -

(Bi_l ({,C7Ti£71, Tgiil) — B2 (x, Tliil,Tgil))-i-

T T
[(Tf_l(% 7)) — 7722, T0) f, (BiT (@, Ty + s(ri (@, Ty) — T1), Ts + s(rs (2, Ts) — Ts)) ds+
(e (2, ) — 7522, T)) [y (Big (@, 11 + s(r{ (@, Th) = Th), Ts + s(ri (2, Ts) — Tx)) ds
Using (16.171), we obtain by means of the maximum principle that for some constant A,y

|Hfl| < |Hf171|(1 - AAt)_l + A*n(At)2~

This recursive relation can be written formally as:

Y(i)=AY(i—1)+G,

where

Y(i) = [Hiy|, G=Aa(At)?,
A is given by (16.132) with L = (1 — AAt)~! and A is defined in (16.30).

Let us note that by taking ¢ = 1 in (16.169) and assuming sufficiently smooth initial conditions
RO, ¢4 and c¥ it is seen that |H{;| = O(At). Similarly by considering the equations corresponding to
(16.169) for Hig and His, we conclude that |Hig| = O(At) and |Hdg| = O(At).

Now, by means of the Corollary 3.18 in [12], we have for m > 2:
m—1
Y(m)=A"Y(1)+ () A" G
r=1
By the previous estimates

A< A" form—1>s>1

in the sense of inequalities between the entries. Taking into account that n = T'(At)~!, we can thus
estimate

m—1
GY A" <G m— DA <Gn AT = A TALA™ ! < A TALA™,
r=1

hence for At > 0 sufficiently small and all ¢ € {1,...,n}, using Remark after Lemma 16.8,

[Hiy| < Y(5) < 3/2exp(AiA)HYy +3/2 At A T exp(AiAt) — 3/2exp(AiAt)HY.

t—0

In the same way we can show that

|His| < 3/2exp(AiM) HYs — 3/2exp(AiAl) His
and

|HP%| < 3/2exp(AiAt)Hlg fvmd 3/2exp(AiAt)Hig.

Assuming that the derivatives B{H and B{lS are bounded and continuous (independently of j €
{1,...,n}, we conclude that
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(B srt ) B {2778 = (B ) — B )
(747 @ T0) — 2 1) L (B (0T + sl (0 T0) — T0). T s(rd (0, T) — T)) s+
(Tsi_l(I‘,Tg) — Tgi_z(l‘,Ts)) fol (Bﬁgl(a?,Tl + S(Tf_l(x,Tl) —T1),Ts + S(Tg_l(x,Tg) —1T3)) ds].

Taking into account the above estimates, and carrying out a similar analysis for the equation for
H}', we can deduce the inequalities:

|H'|" < (|H'|""Y(1 + AgisAt) + W, (At)? + At |Z")) L, (16.172)

for some constants Ag13 and W,y independent of 4.
Next, by differentiating Eq.(16.118) and using similar arguments, we conclude that:

Vm<@mampw<%m (16.173)
hence
max{‘H{l | HE } < max{hy,, hyg} At := H' At.

Now, proceeding, like in section 16.15, either using the scheme of the form (16.131) or the scheme
(16.141), we obtain estimates corresponding to the estimates (16.144). Let us use the scheme corre-
sponding to (16.141).

Putting (16.162) into (16.172), we obtain a pair of inequalities:

|H'|" < (JH'|"" Y1+ Ag1sAt + 73(A)2L) + Wy (At)? + At |Z" L + 72(At)L)L,
(16.174)
|2 < (12771 4 Fo(At)? + 73| H'[ 7L AL) L.

Replacing |Z¢| by Z;, |H|" by H;, we obtain, for i € {2,...,n}, as in the case of system (16.140),

Z;, = (Zifl + a*d2 + CLHifld)L.
(16.175)
Hi = (Hi—l(l + bd —|— ad2L) —|— a*(At)Q + dZi_lL —|— a*d3L)L,

where we denoted d = At, with the obvious identification of the constants a., a, b, which are in general
different than the corresponding constants for system (16.140), but have been denoted similarly for
simplicity. As above, L is given by (16.163). This recursive system of equations can be written in the
following matrix form

Y@E)=AY@i—-1)+G, (16.176)
where
Z;
Y(i) =
H;
and
Gy
V(1) < At.
Hl

The matrix A has formally the form given by (16.132), whereas G the form given by (16.142). Re-
peating the analysis of system (16.140), we can show the validity of the lemma below.
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Lemma 16.20. The following estimates hold:
IVZY| < Gz At, |VHi|| < Gy At and |VHE|| < Gug At (16.177)

for some constants Gz, Gy, and Gys independent of i.

16.19 Estimates of C**® norms of the functions R’

By means of the above results, we can now derive an ‘a priori’ C?*# estimate of the functions R’. As
in section 16.16, this will be done by rewriting the equation (16.5) in the form

drV?R' + Fy((i — 1)At,z) - VR —

i 0 ui—1  wuj;i—1 0 uyi—1 . i _
{r [8T1 (vl el ,Tl))+a78(5(c8* TY)) + Fal(i = DAL 2, T, Ty) | + Wi = 0,
(16.178)
with

S , L
W= — (R'(z,T1,T5) — R (a5 78 h)) =

At
1, . . , .
E ([Rl(ai,Tth) — Rl_l(.’r,Tl,Tg)] + [RZ_1($7T1,T8) — Rl_l(x;le 17T8 1)]) =
1 . . ) ) .
AL (Zz(l‘,Tl,Tg) + [RY (2, Th, Tg) — R (a3 7{7177'8%1)]) =
zt 1 i1 i1 i—1 i1
=+ Kt(* Bi~N (&, 1, Ts) - v~ (2, T)) At — Bi~ (2, Ty, Ts) - 6 (x, Ts) At—

Seicrs(l = 0B (700, Ty), 77 0 T)) (7 = Th) - (71 = )

(see (16.108)). By (16.177), |[VZ!||/At < Gz, |[VH:||/At < Gy and |[VHE||/At < Ggs (uniformly
with respect to i), thus combining it with the results of sections 16.8 and 16.11, we conclude that the
expression in the curly brackets has its C1Y norm of the order of O(1). It follows from Lemma 15.5,
by taking [ = 3 and the integration power p sufficiently large that

IR lws < Csp

where the constants Cs, are uniformly bounded for all p. By using the Sobolev imbedding theorem,
we conclude that for all 5 € (0, 1) there exists a constant Cyp independent of i € {1,...,n} such that

IR || c2+5 () < Crags. (16.179)

Having these relations we can use the refined version of the Gagliardo-Nirenberg inequality (see [4])
to obtain higher order estimate for functions Z°. Let us recall the result proved in [4].

Lemma 16.21. Assume that the real numbers s1,s2,8 > 0, 0 € (0,1) and 1 < p1,pa,p < 00 satisfy

1 0 1-40
the relations s = 0s1 + (1 — 0)sa, — = — + . Suppose that the following condition does not
p Y41 b2
hold:
, ) 1
P s9>114s an integer, po =1 and so —s1 <1 — —.
P1

Then, for every 0 € (0,1), there exists a constant C, depending on s1, s2,p1, 2,0 and Q such that

1 lwer@) < Clf oo @l ey ¥ € WEHPHQ) NWP2P2(Q).

Remark The refinement of the above result with respect to the classical formulation of the Gagliardo-
Nirenberg inequality consists in the fact that the numbers s1, so and s may not be integers. a
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Let us apply Lemma 16.21 for f = Z’*. Thus, using (16.177) and Eq.(16.178), we conclude that
there exists a constant Cy such that, for any ps € [1, 00),

1Z" w2 < Ca.

(As before, for simplicity, for fixed k € {1,2,3}, ' := %)

1
Thus, we take ss =2, 57 =0, p; = 00 and po = p3. Then so —s;1 £ 1 — — =1, hence condition
b1
P does not hold. Taking 6 € (0,1/2), we have s, = 2(1 — ) > 1, p > p3 and

1 llwaorg@y < ClEN o1 1 2na -

As ps is at our disposal, then we can find the smallest p3 such that that (2(1 — 6) — dim(Q2)/p)/2 =
1/2 — 6. For example taking 0 = 2/7 and p3 > 7dim(§2), we obtain 2(1 — 6) — dim(Q2)/p > 9/7, hence
we conclude, by using the Sobolev’s embedding theorem, that

12" | o < C(AL)HT, (16.180)
which results in the estimate

1Z° | cavare < C(AL)/T. (16.181)

Similar reasoning can be applied to the functions Hj' and HE. For m = 1,8, we can thus obtain
the inequalities of the form:

1l corr < C(ADT,

and consequently
| H || caserr < C(AL)T. (16.182)

16.20 Estimate of differences 7' — 7!
Note that Eq.(16.102) can be written as
ZHx; Ty, Tg) — 2 (2, Th, T3)

dRVQ (Zi(I,Tl,TS) — Ziil(I,Tl,Tg)) — Al —

Zi_l(.%‘ T]_ T8) . a wi—1 =1
Zx o8 gt ( use ()
o7 (

9 i _
At Cl* ,Cg* »Tl)) + 87'178 (6(68; 17TS)) —+ Fl((l — I)At,l‘,Tl,Tg):| }

+RTIAVE + dpV2Zi= Y (2, Th, T3) + Fo((i — 1)At,z) - VZi=1 =0

(16.183)
Now, using (16.177) and (16.181), we can use the maximum principle to conclude that
||Z1 _ Zi_lHCU(Q) Zz Zi—l 9
== - < Cuirr (A7, 16.184
At H At At ooy =7 15(A%) ( )

Similarly, differentiating Eq.(16.183) with respect to T,,, m = 1,8, (or rewriting Eq.(16.114) and using
(16.177) and (16.182) we obtain by applying the maximum principle the inequalities:

1Hy, — Hyp o) HH o H!

'7;” < . 2/7. '
At At At Cairs(At) (16.185)

coQ)
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17 Convergence of the sequences as At — 0

Let us write Eq.(16.5) in the form:

. ) A
2 pi . 7 __ _
drV*R'+ Fy(z) - VR Al
{Ri 9 ('y(c":'i_l Uil T1)> + 2 (5((;“”“1 Tg)) YR — )AL, T, Ts) | — NWi} — 0
8T1 1%  “8x% I aTg 8% ) [l I ’
(17.1)
where, according to Lemma 16.15,

. 1 ) . ) .
Wi .= x (R (2, T, Tg) — Ry i Y] =

1

Kt ( - Bifl(xaT17T8) ' 7i71(x7T1)At - Bgl(%ThTs) ’ 5i71(I7T8)At7

Shicrs(m =T (=) [y Bih (. Ty + s(ri @, Ty) = T1), T + (- (2, T) — Ts)) (1 — S)ds)
=B Yo, Ty, Tg) - v~ Yz, Ty) At — B (2, Ty, Tg) - 0 (2, Tg) + O(At).

For given n > 1, At = Tn~' > 0 and the set of points {t;, := i,At}*=" 4, € {0,...,n}, let us

=11
define the function

R”(t,x,Tl,Tg) = Ritil(m,Tl,Tg)ﬁ’
(17.2)
(AD)~1(t — tit,l)(Rit (z,T1, Ts) — Rif—l(%Tl,Tg)) for t;,_1 <t < t,,.

Below, we will analyse in sequence, the result of action of different operators of the left hand side of
Eq.(16.5) on the function R™. For t;,_1 <t < t;,, we thus have:

AR"™(t,x, Ty, Tg) = AR (a2, Ty, Tg) + (t — tit_l)(AR” (x, Ty, Tg) — AR“_l(x,Tl,Tg)) (At~
(17.3)
and, according to (16.181),

JAR™ (-, Ty, Ts) — AR (-, T1, Ts) || jorr < Ca(A1)*/7, (17.4)
uniformly in (73, Tg). Then, by definition (17.2), for ¢ € [t;—1, ],

OR™

ot

This function is constant on each interval ¢ € [t;_1,t;] and, according to (16.181), the difference
between these values is of the order of O(At). Next, for ¢ € [t;—1,1;]

— (AD)! (R“ (2,11, Ts) — Rif*l(x,Tl,Tg)).
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0

a7, (it @), et o), T RY) +

s (00t (,2), ) R™) =

8 U n a U
RN 377“17(01{@7%)’ cg(t,x), Th)+R a—Tgé(cg (t,x),Ts) +

0
7Rn(t7x7T17T8) =

. 0
+7<C1f(t,l'), Cg(t,.’l)),Tl) : 871117%7L(t7$7T1aT8) + 5(Cg(t,$),Tg) . aTg

R a% (et o), et (t,2), 1) = el @), e (@), Th) )

+Rn~a% (5(cg(t,x),T8)—5(cg; Y ),TS))+ (17.5)

8 uz uz
S R (b, T Ts) (e (8, 2), e (8,2), 1) = (e @), el @), 1) ) +
1

o R, T3, Ty (e (1,2, T) = 3(ct~ ). 7)) |+

(9 (5( ut— 1( )3T8)}1+

n 9 w;i—1 uyi—1 n
{7 G @), e @), 1) + R

0 wii—
= R" (t’xaT17T8)+5(08* 1( )aTS)

0
aTl = R" (tvxaThTS)}z

e @), ¢ @), 1) i

where ¢} (¢, z) and c§ (¢, x) are defined by (16.45). Due to Lemma 16.19 (inequalities (16.151)), (16.152)
together with the boundedness of the function R™ (implied by the boundedness of R™, m € {1,...,n}
and the boundedness of the functions Bf", By*, it is seen that the expression in the square bracket [
above is of the order of AtO(1) as At — 0.

By (17.2), the first term in the curly bracket {-}; equals:

)
|

. . P 0 ut— u3t—
(R“_l(x,Tl,Tg) + (At)_l(t — tit—l) (R“ (.73, Tl,Tg) — th_l(l‘,Tl,Tg)) ) aT (C 1(33),08; 1($),T1)

= RN o, 11, Ty) - (e (@), 6 (@), Th) + O(D) A,

0
ory !
where the last estimate is obtained via the boundedness of of the derivative of v (see Lemma 16.7)
and inequalities (16.144). Likewise,

8 ’LLZ
R (e @), T = R T T

Similarly, the expression in the bracket {-}2 equals

0 o wi-1
o7 (e (@), T) + 0()A

E (At'7(01(t7x)ac8(t7x)7Tl) ’ 871—‘17% (tax7T17TS)+At'6(68(t?m)7TS) ’ 871%7?’ (t7m7Tl7TS)) -
1 uii—1  uyi— 0
E : (At ! (7(61{(t7x)a Cg’(t, x)aTl) - (cl* ! ) C8 ! Tl)) 8T1R (tax7T17T8)+

Ul 8
At~<6(c§‘(t,x),Tg) S(cli? Tg))~a—TgR"(t,x,T1,T8))+

1 usi—1 uz 1 0 n wii—1 0 n .
E : (At ’Y(cl* ) Cgx Tl) 8T1R (t7$7TlaT8) + At - 6(08* TS) : aTgR (tvxaT17T8)> -
1
—a (R”(t,x,Tl ALy, Ty — At-8) — R™M(t, 2, Th, Ts) + (At)? 0(1)),

what follows from inequality (16.151) together with the boundedness of the derivatives of the function
R™ with respect to 71 and Ty (implied by the boundedness of the functions B}", Bg").
Now, using the definition (17.2), for ¢ € [t;_1,t;], denotations (16.105) and (16.106)), and the
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results of section 16.15 (see (16.144)), we have:

1

At (Rn(tavaI — At - ’YaTS — At - 6) - Rn(t7x7T17T8)) =

1 (. . . _
At{R“l(t,x,Tl CAL LT — A8 Y — RV, Ty, Te) +

(17.6)
(A M = ti, ) ([ B, T = At-7i, T = At-6%) = Ri(t,2, Ty, Ty) |-

{Ri’l(t,%Tl — Aty Ty — At 671 — Rifl(t»val’Tg)D}

Now, according to (16.109), the absolute value of the expression

Ri (t, Z, T1 7At"'}/i, Tngt«V‘)fRi (t, x, Tl, Tg):| - |:Ri71 (t, Z, T1 7At"yi71, Tg*At‘(giil)*Riil (t, xZ, Tl, Tg)i|

is bounded from above by (\Hle + |H§'71|5) At + 71 (At)? for some constant r; independent of 1,
hence by Lemma 16.18 is of the order of O((At)?). Tt follows that

At
L
At

1
(R"(t,x,Tl Ay, Ty — At-6) — R”(t,x,Tl,T8)> —

{Rifl(t, 2, Ty — At-~=1 Ty — At-5-1) — RI-1(¢, :zz,Tl,Ts)} +O(A).

Finally, for ¢ € [t;—1,t;], we have:

Fo(iC) . VRn(t, z,T17T8) =
Fo(z) - VR (2, Ty, Ts) + [(t — ti,—1) - (A" — 1] Fy(x) - (VR“ (z,T1,Ts) — VR (2, T, Tg)) =

Fy(x) - VR (2, Ty, Ts) + [(t i) (AT — 1} Fo(a) - (vzi@c,Tl,Tg)).

(17.7)
By (16.177) the last term vanishes as fast as At for At — 0. It thus follows that for ¢ € [t;—1,¢;] we
can write

OR™ 0 G G 0 G
2pn _ . ut—1  wji—1 ny) _ uy;r—1 n
drV*R 5 T (’y(cl* Jean ,T1)R ) o (5(08* ,Ts) R )—l—

Fo(ﬂl‘) -VR™ — Fl((l — 1)At,$,T1, Tg) R" =

oo it 9 ) .
2Pt 7 uji—1  wu;i—1 v uii—1 . 1
drV*R {R {aTl (7(01* ,Can 7T1)) + T (5(08* ,Tg)) + F((i — DAt 2, Ty, Tg) + At] }—|—

Ri—l(x; Ti_l, Ti—l)
At

+ Fo(x) - VR + (AHY70(1) = 0+ (A 70(1).

Let us consider the convergence properties of the sequence R™. We will use the Arzela-Ascoli
lemma in the spaces qu’l(MT), My =Q x (0,T) x Apr, where App is any open simply connected
set with a smooth boundary comprising the support of the functions R* for all i € {1,...,n} with the
norm defined by

2
) .
lelge, =3 <<u>>go,
j=0
where (cf. (1.3),(1.4) in 1.1 of [23])
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<<u>>‘(1522T: ullg,@rs <<u>> =D ke 123H6xk

Y 18HaTl

q,Qr Q7

15,00
a,QT ot llq,Qr

<<U/>> Zk}s 123”8xk31‘ 7,.Qr Zlm 18H3T15T

and

T 1/q
laar = ([ ([ 1t 70Tl deariary) i
XATT

According to the estimates derived in the previous sections, for each n € IN, the norm of the functions
R"™ have their W;,é?T uniformly bounded for any arbitrarily large ¢ > 0. As it follows from the
Corollary after Theorem 9.1 of section IV.9 (which is based on Lemma 3.3 of chapter II) in [23], for
all n € IN, the functions R" satisfy the norm inequality

dim(Q x A 2
IR < Carn| 2., T = Hm@x Arr) +2

q
for some constant Cq, where || - [|[X denotes the Holder norm || - ||X/ >X_ Tt follows that the functions
R™ are uniformly bounded in the Ct“ Eg)rﬁ ‘}g)) norm, with fi(q) satisfying the inequality

dim(Q x Arr) _9_ Z
q q’

hence fi(q) > 14 3, for any 8 € (0,1) if ¢ is sufficiently large. Now, by the Arzela-Ascoli lemma, from

the sequence {R"}°2 ,, we can choose a subsequence converging to a function R € C“/2 ;11;:8‘)‘([0 T] %

fig) <2—

Q x RY) for any p < fi(q) (cf. section 16.12). Simultaneously, as n — oo, then the functions ¢ and
¢y tend along the appropriate subsequence (being, in general, a subsequence of the subsequence along
which {R™}52; converges), to some functions ¢}, and c§, belonging to the space Ct(,l;rﬁ)/Q’H’B([O, T]x
Q) for any 8 € (0,1). Now, for fixed (7,73) and for every n < oo, we can multiply the equation
satisfied by R™ by a smooth test function ¢*(¢,x), integrate by parts and consider it as an equation
for weak solutions R"™ as a function of (¢,z). By passing to the limit At — 0, we conclude that R is
a weak solution to the equation:
OR

e drVPR + f(t,x,T1,Tx) (17.8)

where

[t 2, (T1,T3)) = Fo(x) - VR+

0 0
( - aiTl (7(C%D(tax)7 CgD(tam)le) R) - aiTg (6(ch(t7x)7T8) R) - Fl(tvvalvT8) R) € ngéz,u

with (T7,Tg) treated as parameters. Let us note that given the function f(t,z), Eq.(17.8), supple-
mented with the homogeneous Neumann boundary conditions and C Ty 1) initial conditions (as it

was supposed in Assumption 16.4) has a solution with finite C’tlj;‘zﬁ QTZ)” 2t

unique. For, suppose that it is not true, and that, for fixed (73,Ts), there exists another solution

norm. This solution is

P to this equation (with the same boundary and initial conditions). By subtracting, multiplying by
D =R — P and integrating by parts it is seen that D satisfies the equation

2(,%/1)2 (t,x, Ty, Tg)dx = de/ \VD(t,z, Ty, Tg)|*dz.

As D(0,2,T1,Tg) =0, we conclude that D(t, z,T1,T3) = 0.

We are thus in a position to formulate the summarizing theorem of Part III.
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Theorem 17.1. The triple (R, c\p, cyp) satisfies system (16.2)-(16.4). The function

R € CHTHZEE(0,T) x Q x lRii),

t,(z,T1,Ts)
whereas the functions ¢y, c§p € Cg’:”/2’2+u((0,T) x Q)N C(([0,T] x Q).

Proof The fact that R,c{p,c5p € Ctlztg’;:)“((O,T) x Q x ﬁi) has been shown above. We also
showed that these functions satisfy Eq. (16.5). We will prove that they satisfy Eqs (16.6)-(16.7). Let
us consider the second equation in system (16.5)-(16.7). For ¢t € [(i — 1)At,iAt) it can be written in

the form

u;
Ocy

= V2 0 [ el T Ty R AT dTs — ¢~ [ [k T Ty O T d T (17.9)

where dgn; = (At)71(t — t“_l)(R“ (x,T1,Tg) — Rit*l(az,Tl,Tg)). As, independently of ¢ and At =
Tn=t, (At)71(t —t;,_1) < 1, then using Lemmata 16.18 and 16.20, we conclude that for each (71, T3),

nh—)néo ||6an(7 K (Tl’TS))HC?f =0.

By using the functions defined by (16.45), for fixed n, the set of equations (17.9) can be written as
the equation

U
ocf

(oo} oo . oo o0
o = Vil + v / / ()RR AT, dTy — ¢ — v / / o ()Ts Opps ATy dTs.  (17.10)
0 0 0 0

In fact, we should consider ¢} as a weak solution to Eq.(17.10). Let us note that [~ [~ 8, (c})Ts R™ dTy dTy
is a continuous function of (t,x), whereas the function [ [°c§,(c5)Ts 6pni dT1 dTx is of L™ class.
It follows from Theorem 16.11 that the functions ¢} and cg have finite C't(};_ﬁ /2158 horm for all
B € (0,1). Thus by considering a subsequence of {n}7°, for which all the considered sequences of

functions converge, we conclude that cfp, c§, are of the class C’E};B )/21+8 , with 3 € (0,1) and, in
fact, are weak solutions to the equation on (0,7 x

ocip
ot

= VQC?D - cilLD + f(t7x7TlaT8)7 (1711)

where

f(t,x):a/ /chTSRdTldTS
0 0

and 5 (t,x) = cip(t,x) (1+cep(t,z) "t As f(t,z) € Ct(’l;ﬁ)/Z’Hﬂ then using, e.g. [23, Theorem 5.3,
chapter IV], we conclude that there exists a solution to Eq. 17.11, with the homogeneous Neumann
boundary conditions and initial conditions in C*(€) class as supposed in Assumption 16.4, has a
solution in 02715/2’“’8([0,T] x Q) class. As f(t,z) is fixed, then the solution is unique, what can
be shown as in the case of the equation for R. The third equation in system (16.5)-(16.7) can be

considered in the similar way. a

18 Conclusions

In the dissertation, we used two different approaches to study the initial boundary value problems
connected with system (1.11)-(1.13). In Part II, we considered scalar linear equations with the form
of their differential part similar to that of Eq. (1.11), and despite its mixed parabolic-hyperbolic
structure, we managed to construct explicit solutions in the homogeneous and inhomogeneous cases.
Besides to the construction of solutions, an important result of this part presented in Lemma 9.5
(see also Lemma 11.1), states that, in a sense, these solutions can be treated as a limit of solutions
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with added diffusional terms with respect to the auxiliary variables 17 and Tg. This result seems to
be particularly significant in designing the method of numerical analysis of the model. In Part III
we applied a modification of the Rothe method and proved the existence of solution to a simplified
version of system (1.11)-(1.13) in the limit of the size of the step interval At — 0. To obtain a priori
estimates, necessary for the proof of convergence of the family of solutions, we use the maximum
principle for elliptic equations. In derivation of these estimates we extensively took advantage of the
celebrated paper [1]. It seems that this method can be used to general classes of similar systems.
Its applicability depends on appropriate behaviour of characteristics to the hyperbolic part of the
equation of the mixed type. In particular, we assumed that the projections of the characteristics onto
the (T1,Tg)-plane enter its positive quarter in the course of time.
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A Appendix A — Laplace operator in IR™ in local coordinates
connected with an (n — 1) dimensional hypersurface

Consider a hypersurface S = {(x1,x2,...,2,) : 1 — w(22,...,2,) = 0} defined in the vicinity of the
point xg € S. Assume that the hyperplane x; = 0 is tangent to the hypersuface S at the point xq. It
follows that

8xi(x0):0, 1=2,...,m. (A1)

Let
E=a1 —w(xe,...,2n) M=z fori=2... n (A.2)
Let us derive the expression for the Laplace operator A in the variables (§,m1,...,7n,) at the point

X = Xg.

Lemma A.1. Suppose that (A.1) and (A.2) hold. Then at x = xy:

0? 0? zn:
AE N1yeesln (72 + 72) + Kk
aé =2, 8771 1=2,...,n
0w
where ki (Xg) := —W( 0), k=2, n are the principal curvatures of the surface S at x = xq
k
We have:
o o€ 3 on; 0
Ox,  Ox1 0 Z dxy O
and

0 _ 060 O 9
Oz, Oz OF Z@xk o’

It follows that

& 0t 00 D on; on; I) an
0x2 Oz ag(aml o€ Z@xl am) Zam%(axl Z@xi am)

and

0% 96 906D omn; on; o€ 8 on
dx? Oy ag(axk o€ Z@xk am) Zamk%(amk o€ ZaT:iaT,)

Due to (A.2) we have in some vicinity of xg:

o0& on; on; .
— =1, =0, =d;, forike{2,...,n},
0x1 0x1 oxy, k ore { n
and exactly at x = xq, for kK =2,...,n,
96 ow
aﬂjk o 8xk e
We thus have at xq,
02 0?
ox3 02

and, for k=2,...,n
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0? 0 ¢0¢ 0 0? 0 [0w\ 0 0? 0w\ 0
5% = s G 56) 32 = e \owy) 76+ 9o~ (aa2)
% Nk \Oxy O Mk xp \Oxy/ O us i
Thus finally at x = xq:

'3 .

52 9?2 il 9
Agm,mn = (6752 + 67)2) + > mc(xo)a*£
=2,

1=2,...,n 1=2,...,1
where
0w
ki (x0) := —a—xi(xo), k=2,...,n,

can be interpreted as the principal curvatures of the surface S at x = xg.
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